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^Y[~f*cy !Xj!g[]Wcyx[hGF ^hS'cy¢^hYUwG]WGXSlU
minimizeu(·)∈U I(u) =
1
2
∫ T1
0
[x(t)TQx(t) + u(t)TRu(t)]dt+
1
2
x(T1)
TFx(T1)
¨Vª2¬
SwZ[xTdVGXn%U'Uwc


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ẋ(t) = Ax(t) +Bu(t), x(0) = x̄0, x(T1) = x̄1
w(t) = Cx(t) +D ≥ 0
¨»sy¬
D[GX]wG
A

B

C
jeYAm
D
je]WG*ncyYASlUWjyY0U	FjUW]w^`n%G2S
(A,B,C)
^hS4jLF^YA^Fje[SlUWjeUwGSwgAjynG ]WGg[]WGXSwGYUjUw^hcyY
x̄0, x̄1 ∈
Φ = {x| Cx + D ≥ 0}  U ^`S.UwD[GSwG%Ucevj0mTF^hSWSw^x[hG^Y[gAZTUWSX w(t) ∈ IRm  u(t) ∈ IRnu  x(t) ∈ IRn jyYAm
Q = QT ≥ 0  R = RT > 0 ¨­UwDAG )G~0GYAm[]wG ¸ hGxASWnDtncyYAmT^Uw^hcyY<¬¦C'D[^`S&^hSjgAjy]lUW^hnZ[hjy]&G%[jeFg[hGce c0gTUw^hFjen%c0YUw]Wcyce5jvmTQRYAjeF^`njyRSwQTSVUWGF ^UwDSVUjUWG*ncyYASlUw]je^hYUWSXC'D[G*G2jySlU¢]WGX_Z[^h]WGFGYUc0]	g[]wc0x[hGF¨VªB¬?¦¨»s0¬+UWcvg<c0SWSwGXSWS
jSwcyhZTUW^c0Y^Y
U
^`S UwDAjeU
x̄1
x<GhcyY[~SbUWcUWD[GL]WGXj0nDAjexAGJSwG%U ]wc0F
x̄0

0 ≤ T1 < +∞
( Z[YAm[jyFGYUWjy5^hY[~y]WGXm[^GXY0U
^`SkUWD[G]WG%c0]wG
U
+jySk^hhZASlUw]jUWGXm xRQG%[jeFg[hG{AJC'D[^`SJGTjyFg[G!SlD[ckSkUwDAjeUvmT^`SlUw]W^x[Z[Uw^hcyYASLnjeYtGXjySw^hQjeg[g<GXjy]k^hY
Z[Y[^h`jUwGX]WjyhQn%c0YASVUW]Wjy^YAGXmncyYUw]WcyhG2mSwQRSlUwGXFS ¸ hGXje]WhQ!UWD[GYUwDAGLc0]wF!Z[`jUw^hcyYce)UWD[G&cygTUW^Fje+ncyYUw]Wcy<g[]Wcyx[hGF
^hY½¨lª2¬?¦¨»sy¬^hh+DAjByGJUwcx5G&FcTmT^AGXmSlc!UwDAjeU'UwD[G&^hY0UWG~0]Wjy<j0n¦Uw^hcyYFjeyG2S'SlGXYASlG0¢C'DA^hS'^h+x<GvUwD[G&c0xTdVGXn%U*cy)UwD[G
A]SVUgAjy]lUcyUWD[^hSkgAjeg<G]kjyYAmm[G%UWjy^hGXm^hYUwD[GY[GRUSwGXn%Uw^hcyYASX
 UJ^`SkY[cyUwGX c0]lUWDQUwD[G!SVUW]wc0Y[~Sl^hF^`je]W^Uw^hGXSx<G%UV*GGXYUwD[^`SJc0gTUw^hFje¢n%cyYUW]wc0+g[]wc0x[hGF5jyYAmUwD[G.Slcy?nXjehG2mncyYT
Uw^hYRZ[cyZ5Sh^YAGXje] g[]Wcy~y]jeFF^hY[~g[]Wcyx[hGF ¨ ¸ Ca ¬J© A0|{B«>R^hYUw]WcRm[ZAn%G2mxRQf*GXhFjeY© {B«<Uwc.F.cTmTGX<SwcyFGLGXn%c0Y[cyF^`n
g[]WcTn%GXSWSwGXS


















FjeR^hF^ !XG ∫
[0,T1]
cT (t)x(t)dt
SwZ[xTdVG2n¦UUWcA§
H(t)x(t) +
∫ t
0
G(s, t)x(s)ds ≤ a(t)
x(t) ≥ 0, t ∈ [0, T1]
¨,0¬
- D[GXYUwD[G!^YUwGX~y]jeYAmcy
I(u)
^hY(¨VªB¬^`Skh^Y[G2je]k^hY
x(·) jeYAm u(·) 5UwD[GXY UwDAG^hY[G2je]Jc0gTUw^hFjencyYUw]Wcyg[]wc0x[hGF^UwD x<ceUwD SlUWjeUwGjeY5m^hY[g[Z[ULn%c0YASVUW]Wjy^YUST^`Skj.gAje]wUw^`n%ZAhjy]knjySwG&ce	UwDAG ¸ C)a ^hY ¨.0¬v© |0{B«? C'DAGcygTUW^Fjen%cyYUW]wc0
g[]Wcyx[hGFP¨lªX¬t¨>sy¬jeYAm UWD[G mTZAjevg[]Wcyx[hGF ceUWD[G ¸ C)a^hY ¨.0¬SwDAjy]wG^hFg5c0]lUjeYUG2jUWZ[]wG2SncyYAnG]WY[^YA~UwD[G
g[]WGXSwGYAnGcyJD[^h~yD[GX]mTG~0]wGXGmT^`SVUW]w^hx[ZTUW^c0YAS.^Y UwDAG^h]SwcyhZTUW^c0Y © |0{B«© T/¦sTÉsB«?jeY5mUwDAGYAGGXm#cy].UW^FG%°SlUwGgAg[^YA~
YRZ[FG]W^hnXje*jeh~ycy]W^UwD[FS&UWctYRZ[FG]W^hnXjehQ SwcyhyGUwDAGF OTcyFGFjyn]wcRGXncyY[c0F^hnXSFcRm[G`SmT^h]wG2n¦UWQ QR^GXhm(cygTUW^Fje
n%c0YUw]Wcy4g[]Wcyx[hGFS^UwDZAY[^`jUWG]jeSlUWjeUwGncyYASlUw]je^hYUWSjyYAm½cygTUW^Fje*n%c0Y0UW]wc0hG]Sv^UWD#Sw^Y[~0Z[`je]FGXj0SlZ[]WGXS©ÉsTª%«>
ÀÀ Ä#0[Í112
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#	, 
C'DA^hSL^hSvDRQ G.^h	GF!x5G2mUwDAG.c0gTUw^hF^ !2jUW^c0Yg[]Wcyx[hGF ¨VªB¬¨>sy¬J^YUWcjSwZ[^UWjyx[G!]jeFG*cy]WDA^hnDtjyhckSkZ5S
UWc]w^h~yc0]wc0ZASlhQ.UWjyyG&^YUWcj0nncyZ[YU'UwD[Gg<c0SWSw^x[hG&g[]WGXSwGYAnGvcyD[^h~yDAG]kmTGX~y]WGGmT^`SVUW]w^hx[ZTUW^c0YAS
C'D[GA]SVUJc0]Wm[G]kY[G2n%G2SwSWje]WQncyYAmT^Uw^hcyY5Scy]JUwD[G!cygTUW^Fjyn%c0YUw]Wcy)g[]WcyxAGXF^hY#¨VªB¬¨>se¬knXjeY x<Gcy]WFZAhjeUwGXm j0S
©Ése{[[|AqyzT5q! B«















(
ẋ(t)
η̇(t)
)
=
(
A BR−1BT
Q −AT
)(
x(t)
η(t)
)
+
(
0
−CT
)
λ(t)
¨  ¬
x(0) = x̄0, η(T1) = Fx(T1) + C
T γ + β = F x̄1 + C
T γ + β = η1
¨  ¬
0 ≤ w(t) = Cx(t) +D ⊥ λ(t) ≥ 0 ¨  ¬
¨|R¬
DAG]WG
η(t) ∈ IRn  0 ≤ γ ∈ IRm  γT (Cx(T1) + D) = 0

β ∈ IRn bjyYAm UwDAGcyg[Uw^hFjy*ncyYUw]Wcy ^hS~y^hyGXY(cyY^hYUwGX]wje`S*D[G]WG
η(·) ^hSj.Z[Y5n¦Uw^hcyYxRQ
u(t) = argmaxu∈U
[
−1
2
uTRu+ η(t)TBu
]
= R−1BT η(t)
¨»q0¬
(JY^hF.gA^`n%^UbjySWSlZ[FgTUW^c0YD[^`nD!jehhckS)cyYAGbUwcL]w^UwG*x<ceUwD¨VªX¬jeY5m¨|¬)^`SUwDAjeUUwDAG F!Z[UW^gA^hG]
λ
^hS¢jkFG2jySwZ[]wG0
 bYAceUvUwD[GXYx5cyUwD ¨Vª2¬JjeYAm#¨|¬JDAjB0GUwcx5G!~yGYAG]jeh^ !XGXmUwcx5G.FGXjyY[^YA~eZ[>vC'DA^hSL^hSJUwDAGA]SlULcyx[dVGXn¦UW^0Gce4UWD[^`S
*cy]W:  YºUWD[^`SgAjeg<G]UwD[Gc0gTUw^hFje	Uw]jdVG2n¦UWcy]WQtjeYAmºcyg[Uw^hFjyn%c0YUw]WcyhGX]v^hhbY[ceUx<G~y^hyGXY½jSwg5G2n%^`jebYAceUWjeUw^hcyY
^hY cy]mTGX]'Uwch^~0DUwGYUWD[Gg[]WGXSwGYUWjeUw^hcyY)*C'D[GjehZ[G2Skce¢UwDAGFZ[Uw^hg[h^GX]WS
γ
jeYAm
β
nXjeYx<G!njyhnZ[`jUwG2m]wc0FSwcyFG
x<cyZAYAm[je]WQncyYAmT^Uw^hcyY5S©ª T%/¦sT  «?  
x(T1)
^`SkY[cyUJSlg<GXn^5GXm jeY5m
F = 0
UwDAGY
η(T1) = 0
 -ºGj0SwSwZ[FGvUwDAjeUkUwDAG
OThjeUwG]&n%c0YASlUw]je^hY0U&_ZAjeh^<njUW^c0Y#¨ ∃ x SwZAnD UwD5jU Cx + D > 0 ¬J^hS&SWjUW^hSlAGXmtjeYAmUwDAjeULUWD[Gg[]wc0x[hGF ¨lª2¬!¨»sy¬L^`SYAcy]WFjy»ejLg[]Wcyg<G]wUVQvUwDAjeU	^`S	]WG`jUwG2mUWcLUWD[Gn%c0Y0UW]wc0`jexA^h^UVQ&cy[UwD[GncyYASlUw]je^hY[GXm!SlQTSlUwGXF¨¥SwGG'Gy ~A © | eab]Wcyg<c0Sw^UWcyY
|5ª«^hYtnj0SlG
λ
^`SvjFGXjySwZ[]WG2¬%-½G!n%c0YdVGXn%UwZ[]WGUWDAjUv]wG2jynDAjyx[^h^UVQjyYAm Y[c0]wFjeh^UVQD[c0hm cy]
rwu ≥ 2 xRQUjeR^hY[~
u(·) ^hY jeY#GXY[`je]W~yGXm#SlGU.cyLmT^`SVUW]w^hx[ZTUW^c0YAS!UwDAjeU.^hx<G mTGXSWn%]W^hx5G2m(`jUwGX]¨»SlGXGSwGXn%Uw^hcyY [Éqe¬¦[]WcyF jº~yGYAG]jeg<cy^hYUceR^GX DAc GXyG]2+UWD[Gn%c0YUw]Wcyhhjyx[^h^UVQg[]Wcyx[hGF cy]¨>sy¬v]WGFje^hYASc0g5GXY(jeYAm½*G^hY[cyUUWj0nhG^UD[G]WG
¨»SlGXG (Jg[g<GYAmT^ ¸ c0]Slc0F.Gvg[]WGh^F^hYAje]WQD[^hY0USW¬%  YUWD[GSlG2_0ZAG: G&SwDAjeh+mTGY[cyUwG
x̃T = (xT , ηT )

(Ã, B̃, C̃)
UwDAG
UW]w^hg[hGjySWSlcTn%^`jUWGXmUwcUwDAG&SwQTSVUWGF^Y ¨|R¬&¨¥j0¬&¨»nX¬%[D[^`nD*GSlDAjy+cy­UwGXY]WG%GX]'Uwc^hYUWD[GSwGX_Z[G)j0S UwD[G
	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	 	!"#!$%&  Uk^`Skn%hGXjy]*UwDAjeUk^
λ(t)
^hSj.FGXj0SlZA]wG0RUwD[GXY]WcyF¨|R¬&¨¥nX¬
−CTλ(t) ∈ ∂ψΦ(x(t))
¨¥{¬
¨¥ZASl^hY[~ ©És#TAab]wc0g5cSl^Uw^hcyYºªy [hªyª«:c0Ym[^£:G]WGYUw^`jUW^c0Yce¢ncyYRyGZ[YAn%Uw^hcyYAS¬'jeYAm
SlZAg[g
(λ) ⊂ {t| Cx(t) +D = 0} ¨ e¬
 U^`SY[cyUwG*cy]wUwDRQ UWDAjUD[GXY
λ
^`SY[ceUj½Z[Y5n¦Uw^hcyY ¨¥Gy ~A j¤L^]jynFGXj0SlZ[]WG2¬%UWD[GY UWD[G FGXjeYA^Y[~ cyLUWD[G
^hYAnZASw^hcyY^hYt¨¥{¬bD5jySUwcx<GLSlUWjeUwG2m]W^~0cy]WcyZASwQ0ySwGG©hªe[ORG2n¦Uw^hcyYsB«:cy]L© sRRg) e{«?¢C'DAGYUWD[G&mTQRYAjeF^`nje<SlQTSlUwGXF ^hY
¨¥|¬v¨¥j¬&¨¥n2¬*FjBQx5GR^hG*GXmjySj.FGXjySwZ[]WGmT^£:G]WGYUW^hjy+^YAnZ5Sl^hcyY
˙̃x(t) − Ãx̃(t) ∈ ∂ψΦ̃(x̃(t))
¨, 0¬
^UwD
Φ̃ = {x̃|C̃x̃+D ≥ 0} [jyYAmD[G]WGj.SlUWjeUwG]WG^hY[^Uw^`jeh^hSWjUW^c0YFjeg[gA^Y[~^`S'F^hSWSw^Y[~^hY¨. y¬¨¥GUkZASY[cyUw^`n%G]WcyF ¨e¬JUWDAjUUWD[Gn%c0Y0UW]wc0	^Y[gAZTU
u(·) F!ZASVUx<Gjn%cyYUW^YRZ[c0ZASvZ[YAn%Uw^hcyY ce Uw^hF.G¨¥G0GY jeYAjyQUw^`nX¬LGXyG]WQRD[G]WGc0ZTUWSw^`mTG!SwZ[g[g
(λ)
¬¦ *Jc GXyG]vjySL G.SlD5jeh	SwGG!^Y½SlG2n¦UW^c0Y [:^hYt~0GY[GX]Wjyc0Y[GDAj0SkUWc]WGXSwcy]wUkUWcjF.c0]wG.n%c0F.gAG
c0]wFjy^`SlF UWcn%c0]w]WGXn%UwhQDAjeYAm[G¨|¬%
'4[n%GXgTU^ j0m[mT^Uw^hcyYAjy¢ncyYASlUw]je^hYUWSvje]WGjymAmTGXmUwc ¨|¬kUwcjySWSwZ[]wGUwDAjeU
λ
^`S
jFGXj0SlZ[]WGy:UWD[GY½UWD[G.cy]WFjy^`SwF ^Y ¨|R¬LjyYAmºGXSwg5G2n%^`jehQUWD[G(&
)* &+	,-.* /10/	vn%c0YAmT^Uw^hcyY ¨|R¬!¨»nX¬vje]WG
FG2jeY[^hY[~yhGXSWSX - D[GXY
m = 1
RUWD[G&]wGXhjeUw^hyG&mTG~0]wGXG
r
ceUwD[GvUw]W^hg[G
(Ã, B̃, C̃)
^hY¨|0¬*^`S*UV^`n%GLUwD[G]WG`jUW^0GvmTGX~y]WGG
rwu
ceUWD[GUW]w^hg[hG
(A,B,C)
^hY ¨>sy¬© q0s2«&¨¥DAjU. GnjehbUWD[G]wGXhjeUw^hyGmTGX~y]WGG^hYUwDA^hS!gAjeg<G]!^hS!ce­UWGY(]WG%GX]w]WGXm
UWcj0SkUWD[Gn%cyY5SVUW]Wjy^YUWSJcy]mTG]v^hYUwDAG!c0gTUw^hFje4n%c0Y0UW]wc0h^UwG]jUWZ[]WG©És# B«¬¦ -½G!^hh	SWjBQUwDAjeULUWD[G!Uw]W^g[hG
(A,B,C)D5jyS'jZAY[^c0]wF0GXn%Uwcy]']WG`jUW^0GLmTGX~y]WGG
rwu
^UWD[G&FjUw]W^
CAr
wu−1B ∈ IRm×m DAc0SwGLGXY0UW]w^hGXS'jy]wGJUwD[GSWnje`je]S
CiA
rwu−1Bj
[^hS*ZA)]jeYA<[jyYAm
CiA
k−1Bj = 0
cy]kjy
1 ≤ i ≤ m  1 ≤ j ≤ m [jeY5m k ≤ rwu − 2 
¾¿À¾­Á
 
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  ˙̃x(t) = J
(
∂H(x,η)
∂x
∂H(x,η)
∂η
)
+
(
0n×n
−In
)
CTλ

J =
(
0n×n In
−In 0n×n
) $
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H(x, η) =
1
2
x̃T
(
−Q AT
A BR−1BT
)
x̃
¨»r0¬
- #.! *  */ 
u(t) = argmaxu∈UH(x(t), u, η(t))

  
H(x, u, η) = −1
2
xTQx− 1
2
uTRu+ ηT (Ax +Bu).
¨Vª2z0¬
0  1&   2& ) '#
λ
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Hns(x, η) =
H(x, η) + ψΦ(x)
 98:& *; #	: 	 
Hns(x, η) = H(x, η) − λT (Cx + D)
	)+
λ
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(−η̇(t), ẋ(t)) ∈ ∂Hns(x(t), η(t))
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 YUWD[^`S&gAjeg<G]v G.g[]WcR^hmTG.j]jeFGX c0]wUwDAjeUjehckSLZASLUwc~y^hyG.jFGXjyY[^hY[~UWcUWD[GmTQRYAjeF^`njy¢SwQTSVUWGF ^hY
¨|R¬¨¥j¬!¨»nX¬vD[GXY
λ
^hSYAceUjF.G2jySwZ[]WGU^hY½gAje]wUw^`n%Z[`je]&Y[GX F!Z[Uw^hg[^hG]Sje]WG.^YUw]WcTmTZAnGXm½jeYAm½^U^hSSwD[cYUWDAjU
UwDA^hS']jeFGX c0]wFjBQx<GZASwG%Z[GyGXY^¢UwD[Gc0gTUw^hFjencyYUw]WcyhhG]
u(·) ^`Skj.Z[YAn%Uw^hcyY¨xAZTUkUwDAGn%cSVUjUwG η FjBQx5Gjm[^hSlUw]W^xAZTUw^hcyY5¬%C'D[^hS&jyhckSkZASLUWc^hY0UW]wcTmTZ5n%G!j~yGXY[G]jeh^ !GXm j0n¦UW^c0Y
I(u)
UwDAjeUvDAjyYAmThGXS&mT^`SVUW]w^hx[ZTUW^c0YAje	nj0SlG2S
C'D[GXYº*G!gA]wcR^`mTG.jmTGUWje^hhGXm½SVUWZAmTQ ce*DAjUDAjyg[g<GYAS&jU&UWD[GGYUw]WQUw^hFGXSX)ZASw^Y[~UwDAG~yGc0FG%Uw]W^`nje	jegAg[]wcjynD
ceUwGXY¤vjeFbC'D[^`SjehhckS Z5S*Uwc~yGXY[G]jeh^ !GLSwcyFG&]WGXSwZ[US'cyYUwD[GGT^hSlUwGXYAn%G¨c0]'Y[cyYT?G%T^`SVUWGYAnG2¬ ce¢GYUw]WQSlUWjeUwGXS
cy]*cTm[m]WG`jUW^0GLmTGX~y]WGGvSlQTSlUwGFSXjyYAmUWcUjynRhGkUwDAGLF!Z[UW^jy]w^`jex[hGLnXjySwGy ¢^YAjyhQjSlUwZ5mTQcex<cyZAYAm[je]WQje]nS ^hS
g[]Wcyg<c0SwGXm.ZASw^YA~n%c0F.gAGXF.GXYUWje]W^UVQUWD[Gc0]wQ0 (J5UwD[G2SlGkUwcRcy`Sjy]wGk^hYUw]WcTmTZAn%G2m.cy]UwD[GJA]WSlUbUW^FGJ^hYUWD[GLn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(r)
2
Ã
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Ã
(i−1)
1 =
Ai−1 + Li−1(Q)
C'D[GXY
Ã
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ẋ1(t) = x1(t) + x2(t)
ẋ2(t) = x3(t)
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(Ã, B̃, C̃)
4^UWD(^hY[g[ZTU
λ ∈ IRm 	cyZ[Uwg[ZTU
w ∈ IRm AjyYAmZAY[^c0]wF]wGXhjeUw^hyG&mTG~0]wGXG r ≥ 1 T^Uk]WGXj0m[S&© | B«?§































ż1(t) = z2(t)
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ξ̇(t) = Ãξξ(t) + B̃ξz1(t)
w(t) = z1(t) +D, z1(t) = Cx(t)
z(0−) = z0.
¨lª|R¬
-½Gnjeh^UUwDAG
z̃− mTQRYAjyF^hnXS¢jeYAmºUwDAGZ[h?]WjyY[ºSlUWjeUwGUW]WjyYASVc0]wFjeUw^hcyY½FjeUw]W^½^hS W̃ § z̃ = W̃ x̃ ¨¬¦ -ºGmTGXY[ceUWG ¯̃zT = (z1, . . . , zr)
  YUwDAGSlG2_0ZAG>TUwD[GncyFg<cyY[GXY0US'ce
z̃
jeYAmce
z
^h)x<ceUWD x5Gm[GY[cyUwGXmj0S
zi
AG[n%Gg[U
^'YAceU!nG2je]]WcyFUwD[Gn%cyYUWG%RUX OR^hYAn%GUWD[G !XG]WcmTQRYAjeF^`nSgAhjBQTSjeY^hFg5c0]lUjeYU]WcyhG^YUWD[GSwQTSVUWGFS*Gje]WG
mTG2jeh^Y[~^UwD)[UwD[G&c0hc^YA~!^`Sce¢^YUWG]WGXSlUX
²  # F 0  
m = 1
  	 .+ '
z− 	)+ z̃− ! 
!.! 	    '#6!    . 	+  '      (A,B,C)
*/
  	)+
(Ã, B̃, C̃)
* *> 	+ 	  &+@$  * - 	  ,' )#.!     '  	   +#	
 .!   
Aξ
	)+
Ãξ
  9! -*;  	 ! H ':  
σ
 	 &@E; #	 &  
Aξ

   '& 	  $	 .! 
mσ
 −σ 	+ σ  A #*  &@E; #	 &  
Ãξ
 A  
   M& 	  $	 .!  , 
mσ

  ¶)¶  )GU
Q ≥ 0 jyYAmhG%U L ∈ IRn×n x5GSwZAnDUWDAjU LTL = Q 4C'D[GvUW]WjyYASVGX]ZAYAn¦UW^c0YUWDAjUkncy]W]wG2Slg<cyYAmASUwcUwD[Gkc0g5GX]WjeUwc0]
λ 7→ w ^hY¨|R¬	^hSGX_ZAjyTUwc Hwλ(s) = C̃(sI2n − Ã)−1B̃ = G(s)G(−s)(1−H∗(s)H(s))−1
©ÉqysB«>
D[GX]wG
G(s)
^`S¢UwD[G'UW]WjyYASlG]4ce5UwD[G'UW]w^hg[hG
(A,B,C)
^Y ¨>se¬%
H(s)
^hS¢UWD[G'Uw]jeYASlG]4FjeUw]W^cy5UWD[G'Uw]W^hg[G
(A,B,L)

H∗(s)
^hS UwDAGLUW]WjyYASlG]*FjeUw]W^cyUWD[GJUW]w^hg[hG
(−AT , LT , BT ) T^» Gy	UWD[GjymBdVc0^YUSlQTSlUwGXFUwc (A,B,L) ©Éqe|[Tg)És# 0z«?¸ cyY5Sl^`mTG]vY[c UWD[GUV*c¹+¤njeYAcyY[^`njy)cy]WFSLj0SwSwcTn%^`jUWGXmUWcUWD[G.SwQTSVUWGFSL^Y ¨»sy¬vjyYAm(¨|R¬¦+]WGXSwg5G2n¦UW^0GhQy
[]WcyF
)GXFFj ªcyY[G D5jyS
ξ ∈ IRn−rwu jeYAm ξ̃ ∈ IR2(n−rwu)  A]wc0F UWD[G¥j0n¦UUWDAjU Hwλ(s) = G(s)G(−s)(1 −
H∗(s)H(s))−1
jeYAm Sw^YAnGUWD[G
ξ1
°mTQRYAjyF.^`nS.n%c0]w]WGXSwg<cyYAm[SUwcºUwDAGYRZ[FG]jUWcy]
B(s)
ceJUwD[GUw]jeY5SVGX]Z[Y5n¦Uw^hcyY
G(s)
R*GLmTG2mTZAnGUwDAjeUUWD[GJ]WcRceUWSce+UWD[GJg<cyhQRY[cyF^`je
B(α)B(−α) = 0 je]WGFcTmTGXS ce+UWD[GJFjUW]w^ Ãξ
bOR^hYAn%GJUwD[G
cy]mTGX]*cy
B(α)B(−α) ^`Sg[]WGXn^hSwGhQ 2(n− rwu) [UwD[G]WGXSwZ[U*c0hckSX

 ÇÉÅlÎÔ¥Ç ºÎÊ>ÚÉÜÚÉÇâÎÔvÛ»Ô>ÎÄ2Ê»äÕ¦Ô»ÜkÎWÛ»ÚÉÕ¦Ä ÞlÎÄeÅÎÈBÈBÇÉÚÉÅVÑ½Û»Õ (A, B, C) ËÎÄ2Ñ+ÅÛ»ÂBÅVÄ ÞlÎÇÉÇ*Û>Â2ÅÕXÛ?ÎÚÉÄBÅVÑ Ô¥ÅVÈBÔ¥ÅlÊ»ÅVÄÛ>ÎWÛ>ÚÉÕ¦Ä(Û»ÂBÅ
z− ÑXÄÎÜÚÉÞVÊwà
ÀÀ Ä#0[Í112
   #	, 
-½GUwDAG]WG%cy]WG&DAjByGjncyFg[hG%UwG!mTGXSWn%]W^g[Uw^hcyYce	UwD[G&UW]w^hg[hG
(Ã, B̃, C̃)
^hY(¨|0¬^YUWG]WFSkce	^US]wGXhjeUw^hyGmTGX~y]WGG
jyYAm!G]WcmTQRYAjeF^`nSX
    '' 	
	V

"o'¢*


 	
 !#"$%
#'&(*)+&,!-
G%U&ZASvn%cyY5Sl^`mTG]LUwDAG.SwQTSVUWGF}^Y ¨|R¬¨»j0¬!¨¥nX¬LjeY5m GUvZ5SJc0]w~0G%ULcy]LUwD[G!Uw^hFG!x<G^hY[~UwDAjeUv^UvFjBQ]WGg[]WGXSwGYUkUWD[G
YAGXn%G2SwSWje]WQn%c0YAmT^Uw^hcyYAS'cyUWD[GFjT^F!Z[Fg[]W^hYAn%^hg[hGy (kY^hF.g<cy]wUWjyYUkg5c0^YU^hS*5]WSlUUwcZ[YAm[G]SVUjeYAmUwD[Gm[QY5jeF^hnXS
cyvSwZAnD jºmTQRYAjyF^hnXjekSwQRSlUwGXF ^YR0cyh^hY[~ n%c0F.gAGXF.GXYUWje]WQ?Sw`jynRY[GXSWSncyYAm[^UW^c0YAS [c0]^YASlUWjyYAn%G0DAjeU^hS.UWD[G
FG2jeY[^hY[~tcy
λ ≥ 0 ^ λ ^hS.Y[cyUjºFGXj0SlZ[]WGº¨»mT^`SVUW]w^hx[ZTUW^c0YAje'FZAUW^g[h^hG]S!FjBQG2jySw^hQ x5GY[GG2mTGXm#Uwc½^hY0UWG~0]WjeUwG¨¥|¬¨»j0¬¨»nX¬w¬l®CcUwD[^`SGXYAm GUZAS]wG2njehSwcyFG¥jyn%UWS!jex<cyZTUUWD[GD[^h~yD[GX]c0]WmTGX]Sl*GGXg[^hY[~ g[]WcRnGXSWS¨,*&u&ORa ¬j0S
^U^`S^YUw]WcTmTZAnGXm ^Y ©hªe s2«? DA^hnD g[]Wc^`mTG2S.j½]W^~0cy]WcyZAS]jeFG*cy]W UwcSlUwZAmTQ(UwD[GmTQRYAjyF^hnXS^Y ¨|R¬¨¥j0¬¨»nX¬%
jyYAm GUWGYAmASkUWD[G*Gh?RY[cYA]SVU&jeYAmtSlG2n%cyY5mcy]mTG]vSl*GGXg[^YA~g[]WcRnGXSWS¨»SlGXG]WG%G]WGY5n%GXSJ^Y ©ª%«	jyYAm©hªyªe /q[ e«
c0]jYAcyYT?FjUwDAGFjUW^hnXje4^hY0UW]wcTmTZ5n¦Uw^hcyY<¬¦icyZA~yD[hQSlg<GXjyR^Y[~5+UwDAG)*&u&ORa ^hSjSwg5G2n%^5nmT^£<GX]wGXYUw^`je4^hYAn%hZASw^c0Y)
DAc0SwGSwcyhZTUw^hcyYASjy]wGmT^hSlUw]W^hx[ZTUw^hcyY5S*jeYAm#D[^hnD g5GX]wF^UWS.UWcº~0^0GjºF.G2jeY[^hY[~ºUwcºUwD[G SwQTSVUWGF ¨|R¬¨GXSwg<GXn%^`jehhQ
UWD[Gg<c0Sw^UW^0GY[G2SwSvce
λ
D[GXY ^U^`SY[cyUjFG2jySwZ[]wGB¬¦)-½GmTGY[cyUwGjyS Tn(I)
UWD[GSwG%Uce'mT^`SVUW]w^hx[ZTUW^c0YAScemTGX~y]WGG
n + 1
©Ésys2«&D[^`nD je]WG ~yGYAG]jUwG2m xRQ i ¸ O f ¼NZ[YAn¦UW^c0YAScyY
I
D[c0SwGtSwZAnnGXSWSl^hyGmTGX]w^hjUW^0GXSg<c0SWSlG2SwSjeY
jyxASwcyhZTUwGXQ(ncyYUw^hYRZ[cyZAS!gAjy]lU¨¥m[GY[cyUwGXm jyS
[·] ¬UwDAjeU^hSjyhSwc½i ¸ O f*¼c0Y I  C'D[G]W^~0DUmTGX]w^hjUW^0Gcy [h] ^`Sm[GY[cyUwGXmj0S
ĥ(1) = d
+[h]
dt
(t) = limσ→0+
[h](t+σ)−[h](t)
σ
C'D[GSwG%Ukcy¢SwZAnDZ[YAn%Uw^hcyYAS^`SkmTGXY[ceUWGXmjyS F∞(I ; IR) =
∩k∈INFk(I ; IR)
A^UwD Fk(I ; IR) = {h ∈ Fk−1(I ; IR) : ĥ(k) := d
+
dt
[ĥ(k−1)] ∈ RCSLBV (I ; IR)}   Yg5je]wUw^`n%Z[`je]
F0(I ; IR) = RCSLBV (I ; IR)
  
T ∈ Tn(I)
jyYAm ^hS~0GY[GX]WjeUwG2m#xRQ jºZ[Y5n¦Uw^hcyY
F ∈ F∞(I ; IR)
*^UDAj0Sj
. Z[YAn%Uw^hcyY-/tg5je]wUmTGXY[ceUWGXm j0S {T}(·) = [F̂ (n)](·) &jeYAm j . F.G2jySwZ[]WG0/gAje]wUm[GY[cyUwGXm jyS  T  SlZAnD UwDAjeU
〈 T , ϕ〉 =
∫ +∞
−∞ ϕ d[F̂
(n−1)], ∀ ϕ ∈ C∞0 (I)

D
mTGXY[ceUWGXS'UWD[G!mT^`SlUw]W^x[Z[Uw^hcyYAjymTGX]w^hjUw^hyG0AjeY5m
dz
m[GY[cyUwGXS
UWD[GLOUW^GXU»dVGXS cy]m[^£:G]WGYUw^`je5FGXjySwZ[]WG~yGXY[G]jUWGXm.xRQ.j&ZAYAn¦UW^c0Y
z
ce+hcTnjeAx5c0Z[YAmTG2mje]W^hjeUw^hcyY© s2«?¢C'DRZAS Tn(I)m[GY[cyUwGXSJUwDAG!SwG%ULcyjeh	O[nD'je]wU !0¡5mT^`SlUw]W^x[Z[Uw^hcyYASvSlZ5nD UwDAjeUJUWD[G]WGGR^`SlUWSvjZ[YAn%Uw^hcyY
F ∈ F∞(I ; IR)
SlZAnDUwDAjeU
T = DnF
 )GU
n
x<G&UwD[GSwFjehG2SVU^hY0UWG~0G]SlZ5nDUWDAjU
T ∈ Tn(I)
A*GSlGU
deg(T ) =



n+ 1 if n ≥ 1
1 if n = 0 and E0({T}) 6= ∅
0 if n = 0 and E0({T}) = ∅
¨VªBqy¬
C'DAGv¤L^]jynLFGXj0SlZ[]WG
δ0
D5jyS'mTG~0]wGXGvs[^UWSm[G]W^jUW^0G
δ̇0
DAj0S'mTG~0]wGXG [RGUWne ¸ c0YUw^hYZAcyZASZ[YAn%Uw^hcyYAS*DAjB0GvmTGX~y]WGG
zA4jeYAm(m[^hSWn%c0Y0UW^YRZ[c0ZAS&Z[Y5n¦Uw^hcyY5SDAjB0GmTGX~y]WGG ªyºC'D[G¥j0n¦UUWDAjU!UwD[GmT^`SVUW]w^hx[ZTUW^c0YAS*G*cy]Wº^UwD#cy]W^~0^YAjeUwG
]WcyF f*¼ ZAYAn¦UW^c0YAS+^`Sn%]WZAn^hjyc0]vUwD[GnDAjy]Wj0n¦UwGX]w^ !XjeUw^hcyY cybUwD[GX^]SwZ[g[g<cy]wUX.OR^Y5n%G.UwD[GY[cyUw^hcyYºce*jSwcyhZTUw^hcyY
c0]vUwD[Gc0]wFjeh^`SlF ^hYºDA^hnD½ GSwDAjeh	GF!x5G2m ¨¥|¬v^`Svn]wZ5n%^`je>jeYºG%[jeFg[hG^hS&g[]WcR^hm[GXm^hY mTG%Uje^h4^Y jeg[g<GY5mT^
fv -½GL^hYASw^hSlU*DAG]WGJcyYUwD[GL¥jyn%U UWDAjU*UwD5jU*UwD[G&Slc0Z[Uw^hcyYASUwDAjeU^h:x5G&n%c0YASl^`mTGX]wG2mY[G%RU2Rjy]wGLceSwg<GXn%^`je<x<cyZ[YAm[GXm
jy]w^`jUW^c0Y)  Y jeY[cyUwD[GX]k*cy]m[SRUWD[G^h]JmTGX]w^hjUW^0GXSmTcY[cyULn%c0YUWje^hYjeYRQSw^YA~yZ[`je] Gx<GXSw~yZ[G^hYUwG~0]Wjyx[hGvg5je]wUX ORGXG
¤LG%5Y[^UW^c0Y ª&jyYAmGX_ZAjeUw^hcyYº¨.0s0¬¦
C'D[GLn%cy]WG'ce<UwD[G*&u&ORah^G2S4^YUWD[GkmTGAY[^Uw^hcyYce<UwDAGcyhc^hY[~SwG%Ubce<UWjyY[~yGXYUn%cyYAGXSXG%U
Φ
x5GJj&YAcyY[GXF.g[UVQ
ncSlG2mncyYRyGSlZAxASlGUce
IR
-ºGm[GY[cyUwG&xRQ
TΦ(x)
UwD[G&UjeY[~0GYUkn%c0Y[G&ce
Φ
jeU
x ∈ IR mTGAY[GXmxRQ
TΦ(x) = cone(Φ − {x})
¨Vª2{0¬
DAG]WG
cone(Φ − {x}) mTGY[cyUwG2SUWD[G n%c0Y[G~0GY[GX]WjeUwG2mxRQ Φ − {x} mTGAY[G2m#jyS.^hY © &X«UWctUje0G^hY0UWc½j0nncyZ[YUncyYASlUw]je^hYU*R^hcy`jUW^c0YASTjyYAm
cone(Φ − {x}) ^`S^USkn%hc0SwZ[]WGy'1v^0GY jn%hc0SwGXmY[cyYAGFgTUVQncyYRyGSlGU Φ T*GSlGU
T 0Φ(z1) = Φ, T
1
Φ(z1) = TΦ(z1), T
2
Φ(z1, z2) = TT 1Φ(z1)(z2),
T iΦ(z1, ..., zi) = TT i−1
Φ
(z1,...,zi−1)
(zi), i ≥ 0.
¾¿À¾­Á
 
	 r
² ([    
m ≥ 2 	)+ Φ = (IR+)m ':
T iΦ(z1, ..., zi) = ×ml=1T iΦ(zl1, ..., zli).
HkcyUwGvUwD5jU
TIR+(x) =
{
IR if x > 0
IR+ if x ≤ 0
jeY5m
TIR(x) = IR.
² ([    H '2&BA9+  C  @ ,#	   ' *)+ .! #   &(! -,	  *  ! 	$
T i−1Φ (z1, ..., zi−1)
   *; : A 

 R!*RK
∂ψT i−1
Φ
(z1,...,zi−1)
(zi) = {w ∈ IRn : 〈w, v − zi〉 ≥ 0, ∀v ∈ T i−1Φ (z1, ..., zi−1)}
	+   '	&  
 + 
 	! 
  
T i−1Φ (z1, ..., zi−1)
#
zi

    #! 	SA  K 	
 * 
T i−1Φ (z1, ..., zi−1) = IR ⇒ ∂ψT i−1
Φ
(z1,...,zi−1)
(zi) = {0},
T i−1Φ (z1, ..., zi−1) = IR
+ and zi > 0 ⇒ ∂ψT i−1
Φ
(z1,...,zi−1)
(zi) = {0},
T i−1Φ (z1, ..., zi−1) = IR
+ and zi ≤ 0 ⇒ ∂ψT i−1
Φ
(z1,...,zi−1)
(zi) = IR
−.
)GUZAS*^YUw]WcTmTZAnGLY[c UV*c.FjeUwD[GXFjUw^`njy<cy]WFjy^`SwFS ceUwD[G *vu&OTa¢ Acy]*UwDA^hS'*GL]WGhQZ[g<cyYUwD[GSwg5G2n%^`je+SVUjUWG
SwgAjynGv]WGgA]wG2SlGXY0UjUW^c0Y^hY½¨lª|¬%TUwDAG]wG2jySwcyYc0]'UwD[^`S'gAjy]lUW^hnZ[hjy]knD[cy^`n%Gvx<G^hY[~G%Tg[`je^hY[GXm^hY½©hª%«?
 X¥X	XX ¶)Y  
	 ¶ ( .X¥  ¢^YAm
z1, ..., zr ∈ Tr−1(IR+)
jyYAm
ξi ∈ Tr−1(IR+) (1 ≤ i ≤ n − r)SWjUw^`SlQ^hY[~.UwDAGmT^hSlUw]W^hx[ZTUw^hcyY5je+GX_ZAjeUw^hcyYAS





























Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0

Dzr−1 − zr = 0
Dzr − C̃ÃrW̃−1z̃ = C̃Ãr−1B̃λ
Dξ = Ãξξ + B̃ξz1
¨lª y¬
λ = (C̃Ãr−1B̃)−1[D(r−1)  Dz1 − {z2}  + . . .+
+D  Dzr−1 − {zr} ]+  Dzr − C̃ÃrW̃−1{z} 
¨Vª  0¬
ÀÀ Ä#0[Í112
ª2z   #	, 
jyYAm























d{z1} − {z2}(t)dt ∈ −∂ψT 0
Φ
({z1}(t+))
d{zi} − {zi+1}(t)dt ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t+))
d{zr−1} − {zr}(t)dt ∈ −∂ψT r−2
Φ
({z1}(t−),...,{zr−2}(t−))({zr−1}(t+))
(C̃Ãr−1B̃)−1[d{zr} − C̃ÃrW̃−1{z}(t)dt] ∈ −∂ψT r−1
Φ
({z1}(t−),...,{zr−1}(t−))({zr}(t+))
¨Vª2r0¬
Kcy]WGn%cyFgAj0n¦UWQ½¨Vª e¬'^hSJ]wGX]w^UlUWGY jyS
Dz̃ − W̃ ÃW̃−1z̃ − W̃ B̃λ = 0 c0] Dx̃ − Ãx̃ − B̃λ = 0 'C'D[G]WG`jUW^c0YAS~0^0GY^hY¨VªXr¬	DAjB0G'Uwcx<Gk^hY0UWG]Wg[]WG%UwG2m^YUWD[Gkc0hc^hY[~SlGXYASwGy§ ¢^hYAmY[c0Y[Y[GX~0jUW^0G]wG2je>jyZ[G2m!iJjymTc0YF.G2jySwZ[]WGXS
dµi (1 ≤ i ≤ r)
]wGXhjeUw^hyGUwc D[^`nD(UwDAG Gx<GXSw~yZ[GFGXj0SlZ[]WG
dt
jyYAm(UWD[GOUw^hGU¥dVG2SFGXjySwZ[]WG
d{zi}
g5cSwSwGXSWS
m[GYASw^UW^G2S dt
dµi
jeYAm d{zi}
dµi
]wG2Slg<GXn%Uw^hyGhQSwZAnDUwDAjeUX§
d{zi}
dµi
(t) − {zi+1}(t)
dt
dµi
(t) ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t
+)),
dµi − a.e. t ∈ IR (1 ≤ i ≤ r − 1)
¨»syz0¬
jyYAm
(C̃Ãr−1B̃)−1[
d{zr}
dµr
(t) − C̃ÃrW̃−1{z}(t) dt
dµr
(t)]
∈ −∂ψT r−1
Φ
({z1}(t−),...,{zr−1}(t−))({zr}(t
+)), dµr − a.e. t ∈ IR.
¨>sTªB¬
C'D[G SwcyhZTUw^hcyY5S!cyJUWD[GmT^`SVUW]w^hx[ZTUW^c0YAje*cy]WFjeh^hSwF ^hkx<G SlDAcY(Uwc x<G mT^hSlUw]W^hx[ZTUw^hcyY5Scevm[G~y]WGGg<c0SWSl^hx[hQ
`je]W~yGX]*UwDAjyY
1
 G%UJZASkY[c7^hYUw]WcTmTZAn%GjSwGXncyYAmc0]wFjeh^`SlFDAc0SwGSlc0ZTUW^c0YASje]WG&Z[YAn%Uw^hcyYASX[^hYAmTGXg5GXYAmTGYUWQce
UWD[GJ]WG`jUW^0GJmTGX~y]WGG
rwu
4C'D[^hS ^h<x5Gv_Z[^UWGJZASwG%ZA<DAGYUWD[GJc0gTUw^hFje:n%cyYUW]wc0Ag[]Wcyx[hGF ^`SGXFx<GXm[mTG2m^hY0UWcUWD[G
*&u&ORa	ASwGGSlG2n¦UW^c0YAS [ÉqR A {T
 ² [  ²  X ²  ²ZY  X»  	 ¶ ( .X¥  ¢^hYAm
zi ∈ F∞(IR+; IR) (1 ≤ i ≤ r)
jeYAm
ξi ∈ F∞(IR+; IR)(1 ≤
i ≤ 2n− r) SwZAnDUwDAjeU¨X¬
dzi − zi+1(t)dt ∈ −∂ψT i−1
Φ
(z1(t−),...,zi−1(t−))
(zi(t
+)) (1 ≤ i ≤ r − 1) ¨»s0sy¬
(C̃Ãr−1B̃)−1[dzr − C̃ÃrW̃−1z(t)dt] ∈ −∂ψT r−1
Φ
(z1(t−),...,zr−1(t−))
(zr(t
+))
¨»s!0¬
jyYAm
ξ̇(t) − Ãξξ(t) − B̃ξz1(t) = 0, dt− a.e. t ∈ IR
¨»se|¬
C'DAG!SwQRSlUwGXF}^Y ¨»sysy¬JjyYAm(¨»s!y¬JDAjySJUwcx5G.^YUWG]Wg[]wGUwG2m ^YUwD[G!cyhc^hY[~SwGY5SlG0§^hYAmtY[cyY[YAG~0jeUw^hyG]WGXjy?jehZ[GXm
iJjymTc0Y#FGXj0SlZ[]WG
dµi
]WG`jUW^0GUWc D[^hnD UwDAG Gx<GXSw~yZ[GFGXj0SlZA]wG
dt
jeYAm#UwD[GtORUw^hGU¥dVGXSF.G2jySwZ[]WG
dzi
g5cSwSwGXSWS
m[GYASw^UW^G2S dt
dµi
jeYAm dzi
dµi
]wG2Slg<GXn%Uw^hyGhQSwZAnDUwDAjeU
dzi
dµi
(t) − zi+1(t)
dt
dµi
(t) ∈ −∂ψT i−1
Φ
(z1(t−),...,zi−1(t−))
(zi(t
+)), dµi − a.e. t ∈ IR (1 ≤ i ≤ r − 1)
¨»s0qy¬
jyYAm
(C̃Ãr−1B̃)−1[
dzr
dµr
(t) − C̃ÃrW̃−1z(t) dt
dµr
(t)]
 ¾­ÄJÛ>ÂBÚÉÊ+äÕ¦Ô»ÜkÎÇÉÚÉÊ»Ü&Ë {zi} = zi eÅVÞlÎÐBÊ>Å zi ÚÉÊÎähÐBÄ2ÞVÛ»ÚÉÕ¦Ä&ÎÄ2Ñ dzi ÚÉÊÎÙÛ»ÚÉÅVÇ Û¥ÅVÊÜÅlÎÊ»ÐBÔ»Å¦à
¾¿À¾­Á
 
	 ª0ª
∈ −∂ψT r−1
Φ
(z1(t−),...,zr−1(t−))
(zr(t
+)), dµr − a.e. t ∈ IR.
¨»sy{0¬
(kYAceUwDAG]2TF.c0]wG&^hYUwZ[^Uw^hyG&'jBQUwcSwGGvUwD[GFG2jySwZ[]wGmT^£:G]WGYUw^`je:c0]wFjeh^`SlFT^`S*Uwcn%c0YASw^hmTGX]*UwD[G&c0hc^YA~A§
¢^Y5m
z1, ..., zr, ξ1, ..., ξn−r ∈ F∞(IR+; IR)
jeYAmFGXj0SlZA]wG2S
dν1, . . . , dνr
SwZAnDUwD5jU




































dz1 = z2(t)dt+ dν1
dz2 = z3(t)dt+ dν2
dz3 = z4(t)dt+ dν3

dzi = zi+1(t)dt + dνi
dzr−1 = zr(t)dt+ dνr−1
dzr = C̃Ã
rW̃−1z(t)dt+ C̃Ãr−1B̃dνr
ξ̇(t) = Ãξξ(t) + B̃ξz1(t)
¨>sy¬
^UwDUwD[G^hYAnZASw^hcyYAS
dνi ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t+))
c0]kjeh
1 ≤ i ≤ r ¨>s# ¬
jeY5m
λ
^`S'^hY ¨lª" ¬¦§
λ = (C̃Ãr−1B̃)−1[D(r−1)ν1 + . . .+Dνr−1] + νr
¨>ser¬
 YcyUwD[GX]L*cy]m[S
λ
^`S&jmT^`SVUW]w^hx[ZTUW^c0YD[cSlG!F.G2jySwZ[]WGgAjy]lUv^hS
dνr
jyYAm ^UWSvg5cSl^Uw^hR^UVQ^`SJZAYAmTG]SlUwcRcTmjySJUwD[G
g<c0Sw^UW^R^UVQ ce
dνr
!C'D[GF.G2jySwZ[]WGXS
dνi
jy]wG!FZ[Uw^hg[h^GX]WSvD[cSlG.FGXjeYA^Y[~^hYUwDAGncyYUwGRUvcycygTUW^Fjy^UVQ ^h	x5G
FjymTGnG2je]`jUwGX]¨¥SwGG ¸ cy]Wcyh`je]W^G2S  jeY5mr[AjeYAm]WGFje]W  0¬% []WcyF ¨>s¬'jyYAm ¨»s# 0¬*^Uc0hckS*UwDAjeU
dνi({t}) = {zi}(t+) − {zi}(t−) ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t
+)), (1 ≤ i ≤ r − 1) ¨,yz¬
jeY5m
dνr({t}) = {zr}(t+) − {zr}(t−) ∈ −C̃Ãr−1B̃ ∂ψT r−1
Φ
({z1}(t−),...,{zr−1}(t−))({zr}(t
+)).
¨.[ªB¬
-½G]WGXnjyUwDAjeUL~0^0GYjncSlG2m n%c0Y0G%Y[cyYAGFgTUVQSlGU
K
jyYAm
M = MT > 0
<g[]WcB
M [K; z̃]
^`SkUWD[G!ncSlG2SVU
g<cy^hY0U&UWc
z̃
^hY
K
)^hYtUWD[GF.GUw]W^hnmTGAY[G2mtxRQ
M
Ccx<G%UwUwG]ZAYAmTG]SlUWjeY5m ¨.yzy¬vjyYAm ¨.[ªB¬J^U^hS&Z5SlGZ[4Uwc]WGXnXjeh
D[GX]wGJUwD[GLGX_Z[^hBjyGXYAn%G2S4c0]UV*cyG2n¦UWcy]Sbcejyg[g[]Wcyg[]W^`jUwGkm[^FGY5Sl^hcyY)
M = MT > 0
jeYAm
K
jncSlG2mn%c0Y0G%SlGUX§
x− y ∈ −M−1∂ψK(x) ⇐⇒ x =
g[]WcB
M [K, y] ⇐⇒ x =
g[]Wced
M (K; y) ⇐⇒ x = argminz∈K 12 (z − y)TM(z −
y) ⇐⇒ 〈x − y, v − x〉 ≥ 0 c0]vjy v ∈ K (JSJ G.SlDAjy¢SlGXGy5UwD[G!FGXjySwZ[]WGmT^£<GX]wGXY0UW^hjyc0]wFjy^`SlF ^`SkZASwG%Z[¢^hYUwDAGn%c0Y0UWG%RUce4cyg[Uw^hFjyn%c0YUw]Wcy>[SlGXGSlG2n¦Uw^hcyY [ÉqT  YAmTGG2m^UL^hSkj.c0]wFjy^`SlF D[^hnD]WG%Uje^hYAScyYAQUWD[G . FGXjySwZ[]WG
gAjy]lU/cebUWD[G.m[^hSlUw]W^xAZTUw^hcyYAjy¢cy]WFjy^`SwF:^> G0&UwD[GSlUWjeUwGXSvmT^`SwncyYUw^hYRZ[^Uw^hGXSXK c0SlUv^hFg5c0]lUjeYUwhQ^US&Slc0ZTUW^c0YAS&je]WG
Z[YAn%Uw^hcyYASkceUW^FG^hYAmTGXg5GXYAmTGYUWQceUwD[GmTGX~y]WGG&ce
λ
bf*cyUwDcy]WFjeh^hSwFS*jy]wG&]WG`jUWGXmUwD[]WcyZ[~0DUWD[Gvcyhc^hY[~5
  ¶  ¶ XX ¶)Y  R   0  
(z1, ..., zr, ξ) ∈ (Tr−1(IR+))n
A    #	 & -,	    A 	  R JG=R@GR@M
  *
{z}(0−) = z0 ∈ IRn
 H ':
z1 = {z1} ∈ F∞(IR+; IR)

zi ∈ Ti−1(IR+) (2 ≤ i ≤ r), ξ = {ξ} ∈
(F∞(IR+; IR))n−r
)+
({z1}, ..., {zr}, ξ)
   	 & ,     A 	  
 
 1 
 @1
 > 
   {z}(0−) = z0 ∈ IRn

  0  
(w1, ..., wr, ξ) ∈ (F∞(IR+; IR))n
A   	 & ,     A 	  
 
 Q
: 
>
  * {z}(0−) = z0 ∈ IRn

H ':
(z1, ..., zr, ξ) ∈ (Tr−1(IR+))n
$
%  
z1 := w1
	)+
zi = wi +
i−1
∑
j=1
(
∑
tk∈E0(wj)
(wj(t
+
k ) − wi(t−k ))δ
(i−j−1)
tk
)
(2 ≤ i ≤ r),
ÀÀ Ä#0[Í112
ªBs   #	, 
    #	 & -,	      A 	  R(J R2 R:$
   {z}(0−) = z0 ∈ IRn

(JYG%[jeFg[hGJ^`S4UW]wG2jUWGXm^hYmTG%Uje^h5^hYSwGXn%Uw^hcyY|A |AÉsvD[^`nDD[GXgAS Z[YAm[G]SVUjeYAmT^hY[~D[c ¨lª e¬°¨lªXry¬b^hS^YUWG~y]jUWGXm
^hY Uw^hFGjeYAm D[cUWD[GSlUWjUWG.dVZ[Fg Fjyg[g[^hY[~0S ¨.[ªX¬¨.yzy¬.*cy]W: HJceUW^hnGUWDAjUa]wc0g5cSl^Uw^hcyY ª jeg[g[h^hGXS.Uwc½UWD[G
SwcyhZTUW^c0YAScy+UwD[G&f*¼Ja jyS  GX>  U*^`SYAceUwGX c0]lUWDRQUWDAjU'^UwD[G&mT^`SVUW]w^hx[ZTUW^c0Y
z̃
^`S*jSwcyhZTUw^hcyYcy)UwDAGvmT^`SlUw]W^x[Z[Uw^hcyYAjy
gA]wc0x[GXF ^hY¨Vª e¬'¨Vª" 0¬¨Vª2ry¬4jeY5m^:UwD[G'Z[Y5n¦Uw^hcyY
ζ̃(·) ^hSjSlc0ZTUW^c0Y!cy5UWD[GkFGXj0SlZA]wG*g[]Wcyx[hGF ¨»s0se¬¨»s!y¬'¨»se|¬%eUwDAGY
{z̃}(·) = ζ̃(·) jehF.cSVUbGXyGX]wQRD[GX]wG*cyY [0, T1]
  U^`Sbje`Swcn%hGXje]	UWDAjU ^
λ
^`Sbj&FGXj0SlZA]wG0UwD[GXYx5cyUwDc0]wFjeh^`SlFS4je]WG
G2_Z[^jyGXY0U*cyY[GJUwc!GXjynDceUwDAG]2 A]wc0Fj ¸ cyYUW]wc0AGYA~y^hY[GGX] g<cy^hYU ce^hGUWD[G . ]wG2je /JSlc0ZTUW^c0Y^`SUWD[GLSwcyhZTUW^c0Yce
UWD[G&mT^hSlUw]W^hx[ZTUw^hcyY5je<cy]WFjeh^hSwF *Jc GXyGX]bUwDAGvFG2jySwZ[]wGvmT^£<GX]wGXY0UW^hjy<cy]WFjy^`SwF ^hh+g[]wc0GUwcx<Gv_Z[^UwG&ZASwG%ZA:Uwc
c0]wF!Z[`jUwGjyYGUWGYAm[GXmcygTUW^Fjy)n%cyYUW]wc0<gA]wc0x[GXF
²  Y XX ¶)Y  0  
0 ≤ a < b ∈ IR ∪ {+∞} A ( *;@$)  # '   	 & -,	 z ∈ (Tr−1(IR+))n
 
(
R(J
)(
R
)(
R 
)
>
  * {z}(0−) = z0 ∈ IRn
    %& 	 
[a, b)
     ! 
t ∈ [a, b)  '      .  >$> A  '  +
[t, σ) (σ > 0)
2&B!9 '# '   .! ,  {z}   [t, σ)   	
#	 -.!"
iGX~yZ[`je]kSwcyhZTUW^c0YAS'FjBQg5cSwSwGXSWSjynXn%Z[F!Z[`jUw^hcyY5S'ce<dVZ[FgASAx[ZTUJc0Y[QcyYUwD[GhG%­ULce4jeYRQ
t ∈ [a, b) AjyS']W^~0DUj0nnZ[FZ[`jUW^c0YAS'njyY[Y[ceUGR^`SlU'xRQm[G%AY[^Uw^hcyYbC'D[GQGXYAn%c0FgAjySWS*]w^h~yDUl°jeY5jehQ0UW^hnLSlc0Z[Uw^hcyYAS&© |0{B«?bC'D[Gvcyhhc^Y[~^`S
gA]wc0GXm^hY ©ª%«jeYAmn%c0YAn%GX]wY5S*UwD[G  ¼La ^hY¨Vª¬&¨Vª  y¬&¨Vª2ry¬¦
 ²R¶  ²   & !    '#
C̃Ãr−1B̃ > 0
	+
m = 1

	     !9
z0 ∈ IRn
 * )    * R(JKSR@S=R @>

   {z}(0−) = z0 ∈ IRn
'  	   
  %& 	  	 & -,	$
    	;
X
z1(·) ≡ {z1}(·) ≥ 0

IR+X X {¯̃z}(0+) = ¯̃z′0X X.X ‖{z̃}(t)‖ ≤
√
ect‖z̃0‖, ∀ t ∈ IR+
     
c > 0

X  
z̃1
)+
z̃2
   
   %& 	) 	 & -,	    R(JKI=R@IR: >,
  * {z̃}(0−) = z̃0 ∈ IRn
* @ 〈z̃1, ϕ〉 =
〈z̃2, ϕ〉, ∀ϕ ∈ C∞0 (IR+; IRn) 

%'  
z̃′0
 &(!.8:&  	 Q+.56
 +QA 
z′0,i =
   [
T i−1Φ (z0,1, ..., z0,i−1); z0,i
]
, ∀ 1 ≤ i ≤ r − 1,
z′0,r =
,  
(C̃Ãr−1B̃)−1
[
T r−1Φ (z0,1, ..., z0,r−1); z0,r
]
)+
z′0,l = z0,l, (r + 1 ≤ l ≤ 2n).
 Ub^`S	g[]WcyGXmUwDAjeU4Z[Y[^`_0ZAGY[G2SwS	D[c0hmAS	^Y!UwD[Gknhj0SwS¢cy5]WG~yZAhjy]¢SwcyhZTUw^hcyY5S	cyY[hQy ( n%]WZAn%^`jeTSlUwGg^`S¢Uwc&Z[YAm[G]SVUjeYAm
UWD[GJ]WG`jUW^c0YASwD[^gx5GUV GXGY
U
jeY5mUwD[G&n%`jySWSbcySlc0Z[Uw^hcyYAS ce+UWD[G *&u&ORa	  Y5mTGG2m^U*^`Sg<c0SWSw^x[hGkUWDAjU*]wG2jynDAjyx[^h^UVQ
cy
x̄1
]WcyF
x̄0
^Y ¨»s0¬¦JDAcy`m[Sc0]j
u
DA^hnD7x5GXc0Y[~0SUwc j#SwG%U
U
cymT^`SVUW]w^hx[ZTUW^c0YAS *Jc GXyG]^hSUwD[GX]wG j
ncy]W]wG2Slg<cyY5m[jeYAnGkx<G%UV*GGYUwDA^hS
U
jeY5m Tr−1([0, T1])
® (kYGhGFGYU'ce	jeYASw GX] ^hh+x5G&~y^hyGXY^hYSwGXn%Uw^hcyY+A qT (kY
^hFg5c0]lUjeYULgA]wc0g5GX]lUVQD[^`nDD[GXgASvZ[Y5mTG]SVUjeYAm[^Y[~D[c UwDAG*&u&ORa7*cy]WTSk^`SkUWD[G.cyhc^hY[~5vHJceUw^`n%G!A]SVULUwDAjeU
*G&FjBQ]w^UwG
dνi
^hY¨»se¬&¨»s# 0¬'jyS
dνi = gi(t)dt+ dJi,
¨,sy¬
D[GX]wG
gi ∈ F∞(IR+; IR)
jeYAm
dJi
^`S.jeY#jeUwcyF^`nFGXj0SlZA]wG^UwD n%c0Z[YUWjexAGjeYAmc0]Wm[G]jex[hGSlGU.cyJjUWcyFS
~0GY[GX]WjeUwG2mxRQUwDAG]w^h~yDUkn%c0Y0UW^YRZ[c0ZAS¢dVZ[FgZ[YAn%Uw^hcyY Ji
bC'D[G&cyhc^hY[~.D[cy`m[SX
  ¶  ¶  X¥ X ¶)Y F R,0  
z(·) A ) 	 & ,  ?
Z22
 R@!
)  	;
gi(t) = 0, dt− a.e. t ∈ IR+, (1 ≤ i ≤ r − 1),
¨.!0¬
¾¿À¾­Á
 
	 ª 
gr(t) ∈ −∂ψT r−1
Φ
({z1}(t−),...,{zr−1}(t−))({zr}(t
+)), dt− a.e. t ∈ IR+, ¨.e|R¬
	+
0 ≤ z1(t+) ⊥ dνr(t+) ≥ 0,
    ! 
t ∈ IR+ ¨.0q0¬
0 ≤ z1(t+) ⊥ gr(t+) ≥ 0, dt− a.e. t ∈ IR+.
¨.y{¬
T i−1Φ ({z1}(t−), ..., {zi−1}(t−)) 3 {zi}(t+) ⊥ −dJi({t}) ∈ ∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t
+))
¨.&y¬
 	 	
1 ≤ i ≤ r 	+ #	 	 t ∈ IR+ 
C'DRZASXXUWD[G ncyFg[hGFGYUje]W^UVQv^Y¨|¬ ¨¥n2¬+^`S~0^0GYjJF.G2jeY[^hY[~k^UwD¨,0{y¬jyYAm¨.&¬%¢C'D[G*n%c0Y[G ¸ at^hY¨.&¬SlDAckS
DAjeU ¸ a UwD[G&FGXj0SlZA]wG2S
dνi
SwjeUw^`SVQ¨UwD[G&]W^~0cy]WcyZASFGXjeYA^Y[~.ceUwD[G&^hYAn%hZASw^c0Y^hYUWD[G&]w^h~yDUl?DAjyYAmR°Sl^`mTGkcy*¨,¬ ^hS
G%Tg[`je^hY[G2m^Yt©ªeRab]Wcyg<c0Sw^Uw^hcyY ª%«:cy]L© sRg) e{«¬¦  U ^`S ^Fg<cy]wUWjeYUbUWcY[cyUw^`n%GJUwDAjeU ~y^hyGXY {z1}(t−), ..., {zi−1}(t−)

UwDAGºFGXj0SlZA]wGºBjyZAG½mTGXg5GXYAm[ScyY {zi}(t+)
 -ºGSwDAjehvncyFG½xAjyn cyY ¨,&y¬^hY7SwGXn%Uw^hcyY7|AÉsR []WcyF¨.!y¬^U
cyhhckS¢UwDAjeUbUwD[GJY[cyYT°jUWcyF^`n g5je]wUWS4cy5UWD[Gjy~y]jeY[~0G F!Z[Uw^hg[^hG]Sbjy]wG!XG]Wc&jyFcSVUbGXyG]WQRD[G]WG*G%[n%GXgTUbcy]
gr(·)

¸ cyY5SlG2_0ZAGYUwhQvUwD[Gjy~y]jeY[~0GbFZAUW^g[h^hG]S¢j0SwSwcTn%^`jUWGXm&UWcvj0m[mT^Uw^hcyYAjyRncyYASlUw]je^hYUWSUwcvx5G'^hFg5cSlG2mcyYUwD[G'g[]WcyxAGXF
je]WGg[Z[]WGhQtjUWcyF^`neC'D[^`SFjBQG%Tg[`je^hYºDRQ UWD[GQºDAjByG.x<GGY ^h~yY[c0]wG2mt^hY½UwD[Gh^UwG]jUWZ[]WGSw^hYAn%G.UwDAGn%cyY5mT^UW^c0Y
UwD5jU
λ
x<Gj.F.G2jySwZ[]WGvD5jySjeh'jBQRS x<GGY^hFg5cSlG2m+
² ([     H      R    *  -2&   
m ≥ 2 	+ C̃Ãr−1B̃    $	 */& 	 ) .!   )# R9 
   H ' "       
	  @   A 	#
  *'$
	
 	 +$
A

B

C

D
 	+
x(·)  H ',! 
!.! 	 z̃− +	$ .!
*/R:  
* -  +&B! 9+ 	 	  '    ! 	    '   :  -,	  * '+  C  @ ,#	 *! 	 &,

    H '  .  & 
(λ)
	)+ 2& !
(dνi)
 M! 	&(   A 		+  +!  A 	   , 
*;  
Cx̄0 +D ≥ 0
 * @ #		/  #	 & -,	'  *  "       	$    +!%
(w(·)) = 0  [0, T1]

(kYAceUwDAG]*^Fg<cy]wUWjeYU*UwcRcy:^`S UwD[Gvcyhhc^Y[~$ ¸ a D[^hnDD[cy`m[S*cyYUw^hFGL^hYUwG]Wje`S
[τ − ε, τ)  ε > 0 RcyYDA^hnD
z1(t)
^`S^`mTGYUW^hnXjehQ !XG]WcA§
0 ≤ λ(t) ⊥ C̃ÃrW̃−1z̃(t+) + C̃Ãr−1B̃λ(t) ≥ 0 ¨, 0¬
 Yo¨.! 0¬cyY[G½n%c0Z[hm ]w^UwGºGX_Z[^hBjyGXYUwhQ
gr(t)
^hYASlUwG2jym cy
λ(t)
C'D[^`S ¸ aFcyY[^Uwc0]WSUwD[G½G0cyhZTUw^hcyY cyUwD[G
FZAUW^g[h^hG]
λ(·) cy] t ∈ [τ − ε, τ) C'D[GFjUW]w^cy	UwD[^`S ¸ a ^hS'UWD[GhGXj0mT^YA~Kje]Wycg5je]jeFG%UWG] M (2rwu)  -ºGUwDAG]WG%cy]WGDAjByGjeUcyZ[]m[^hSwg5cSwjyj n%c0Fg[GUwGmTQRYAjyF^hnXjeSwQTSVUWGF DA^hnDjehhckS&ZASUWc ~y^hyGjFGXjeYA^Y[~UWcUwD[G
SwQRSlUwGXF^hY#¨¥|¬¦<c0]LjeYRQ^YA^UW^hjy¢m[jeUWjjyYAmcy]vjeh
t ≥ 0 JC'D[^`SL^hSLjA]SVUvn%]WZAn%^`je¢SVUWGg c0]kUwDAGZ[YAm[G]SVUjeYAmT^hY[~cyUwDAGY[GXnGXSWSwjy]wQncyYAmT^Uw^hcyY5S'cec0gTUw^hFjeh^UVQ0
 ¶  ¶  »T ³  		/ - T 9!  , 1R(JPR@ R@ 
D' d
dt
H({x}(t), {η}(t)) = 0 	    @;	
%  "
  ¶)¶  cyhckS]wc0FG2jySwQ½nXje`n%Z[`jUW^c0YASjeY5m½UwD[G¥jyn¦U!UwDAjeUUwDAGSwZ[g[g<cy]wUceUWD[GFGXj0SlZA]wG2S
dνi
^`S!j !XG]Wc
)GXx5G2Sl~0Z[G&FGXjySwZ[]WGLc0Y
[0, T1]

*kc*G0G]*jehcyY[~UwD[G&cyg[Uw^hFjy<Uw]jdVGXn%Uwc0]wQ.UwDAG *LjeF^Uwc0Y[^`jeYZAYAmTG]W~ycRG2SdVZAF.g5SjUjUwc0FS cy
λ
¨¥SwGG ¸ cy]Wcyh`je]WQ
0¬%
ÀÀ Ä#0[Í112
ªX|   #	, 
   &,#*   ) -  
 ) *! ! 	
A]wc0F}Y[c cyY*G^hh¢nD[cRcSlGUwcGXFx<GXmUwD[G.SlQTSlUwGF ^hY#¨¥|¬!¨¥j0¬!¨¥n2¬k^hY UWD[G*&u&ORa	  YtgAjy]lUW^hnZ[hjy]X5UwDAG.mTGX~y]WGG
cykmT^hSlUw]W^hx[ZTUw^hcyY5S]WG%GX]WS&UWcUWD[GmTGX~y]WGGcyJmT^hSlUw]W^hx[ZTUw^hcyY5S^hY#Slg5jyn%G2S Tn([0, T1])
cy]SwcyFG
n
C'D[Gcyhc^hY[~^`S
~0cy^hY[~UWcx5GZASwG%Z[bSwZ[xASwGX_Z[GXYUwhQjeYAmcyhckSL]WcyF}UwDAGSlUWjeUwG.je]W^hjyx[GnDAjyY[~yG
z̃ = W̃ x̃
jeYAm ¨Vªe¬
	+¨Vª2ry¬vjeYAm
¨>syse¬°¨>s|0¬%
    )98:& -,	S+ .A:& -,	
#	  )#	  
Dη −Qx+AT η = [0n×n In]W̃−1


0r−1
M (r)λ
02n−r−2


¨,0r0¬
    )98:& -,	 )  2&     	  
dη −Qx(t)dt+ AT η(t)dt = [0n×n In]W̃−1





dν1
dνr−1
M (r)dνr





¨|z0¬
f*ceUWD
x(·) jyYAm η(·) je]WG F∞([0, T1], IR)
>Z[YAn%Uw^hcyYAS.^hY7¨¥|0zy¬%D[^hG^hY7¨,0ry¬
x
jyYAm
η
jy]wGmT^`SVUW]w^hx[ZTUW^c0YAS^hY
Tr−1([0, T1])
 -ºGjyhSwc½m[GY[cyUwG
dνη = [0n×n In]W̃−1(dν1 . . . dνr−1 M (r)dνr)T
  Y jºA]SlUSlUwGXg)*^U^`S
YAGXn%G2SwSWje]WQUwc~0^0G&j.FGXjyY[^hY[~.Uwc ¨|R¬&¨¥j0¬&¨»nX¬%AjySj.*Gh?g5cSlG2mm[QY5jeF^hnXje+SwQRSlUwGXF
 ²  (   0 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 + * 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rwu = 2k

k ≥ 1 	)+ m = 1  H  @ *     .  #	 A 	% #	 & ,   */ #   *  ,#	+!#  (x(0−), η(0−)) 
%/.! 
 
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 3 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  ¶)¶  []WcyF )GXF.FjªeUwD[GLG2jymT^hY[~Kjy]w0cgAjy]WjyF.GUwGX]
M (2r
wu) = C̃Ã2r
wu−1B̃ > 0
 (Jg[g[hQC'DAGcy]WGF
ªjyYAmUWD[G&¥jyn%UUwDAjeUUwD[GSwcyhZTUW^c0Y
x̃
ce'¨|R¬&¨¥j¬&¨¥nX¬*^`S']WG~yZAhjy]*c0Y
IR+
cy]kjyYQ^Y[^Uw^`jem[jUj[
C'D[Gn%cyY5mT^UW^c0Y ¯̃z(τ−) = 0 jU.jeYGYUW]wQºUw^hFG τ ^hS!SlZ[¯n^GXYUUwcc0xTUWjy^Y(jx5c0Z[YAmTG2m u(τ) UwDAjeU!0GGg5S&UwD[GSlUWjeUwG.^Y5Sl^`mTG
Φ
!C'DRZAS
λ
^`SjeYºjyYAjehQUw^`nZAYAn¦UW^c0YºcyUw^hFGjeYAmt]wc0F ¨|R¬!¨»j0¬LjeYAm ¨»q0¬L GmTGXm[ZAn%G.UwD5jU
u(·) ^`SjyhSwcjeY jeY5jehQ0UW^hnLZ[Y5n¦Uw^hcyY cyUW^FG0   ¯̃z(τ−) ≺ 0 UwD[GXY]wc0F¨.yzy¬¨,[ª2¬'jSVUjUwG'dVZAF.g cTnXn%Z[]SjeYAmmTGX~ (λ) ≥ 2 *Jc GXyGX]UWD[Gn%cyY5mT^UW^c0Y ¯̃z(τ−) = 0 ^hS'Y[cyUY[GXnGXSWSwjy]wQ.Uwc~0G%Ukjx<cyZAYAmTGXm u(·) §4^ z1(τ−) = . . . = zr−1(τ−) = 0jyYAm
zr(τ
−) < 0
AmTGX~
(λ) = 2
jyYAm
u(τ)
FjBQx<Gj ¨¥mT^`SWn%cyYUW^YRZ[c0ZASW¬Z[Y5n¦Uw^hcyY cyUW^FG0Ag[]WcR^hmTG2m
η(·) dVZ[FgASLjU
τ
D[^hG
x(·) ]wGXFje^hYAS'n%cyYUW^YRZ[c0ZASjU τ 5SwGG&ab]Wcyg<c0Sw^Uw^hcyY{.x5GXc U.^hSn]wZ5n%^`jebUWc ]wG2jeh^hSwGUwD5jU"GFFj Y[G^UwDAG]!SlUWjeUwG2SZ[Y[^`_Z[GYAGXSWSceSwcyhZTUw^hcyYASce*UwD[Gf*¼Ja¨|R¬¨»j0¬¨¥x5¬
¨»nX¬D[GY
rwu
^`S.G0GY)4Y[c0].SWjBQTSUWDAjU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(η(t+) − η(t−))TAx(t) C'DRZAS*]WcyF ab]wc0g5cSl^Uw^hcyY| H(t+) −H(t−) = (η(t+) − η(t−))TAx(t) C'D[GX]wG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Z[]WjyY[UWD[GY Y[G2n%G2SwSWje]W^hQ
W̃3
jeYAm
W̃1
je]WGvZ[h]jeY[©Éser[[g) ! «? G%UkZASkm[GY[cyUwG
ζTi = (zi, . . . , zr)

i ≥ rwu + 1  -½G5]WSlUg[]WcyGUWDAjU   ⇒       zj(·)

n + 1 ≤ j ≤ i − 1 je]WGZ[Y5n¦Uw^hcyY5SjeY5m zi−1(·)
^`S
m[^hSWn%c0Y0UW^YRZ[c0ZASXAUWD[GY½mTG~
(λ) = r + 2 − i :jyYAm ]WGXn^g[]WcTnjyhQy-½G.Y[ceUW^hnGUwD5jUmTG~ (λ) = r + 2 − i  i ≤ r − 1 ^hFg[h^G2S'UwDAjeULmTGX~
(λ) ≥ 3 C'DAGyG2n¦Uwc0] ζi
FjBQx<GncyYASw^hm[G]WGXmjySkj
(n− 1) >0GXn¦UWcy]'cebmT^`SlUw]W^x[Z[Uw^hcyYAScy	mTGX~y]WGG2S
≥ 2 'OR^hYAnG η = −(W̃−13 W̃2W̃−11 )z̄ + W̃−13





zn+1
zi−1
ζi





AUwD[GXY
BT η
jyYAm
AT η
jy]wG&UW^FGZ[YAn¦UW^c0YASk^bjeYAmc0Y[hQ
^
W̃3
−1
(
0i−n+1
ζi
) x5GXc0Y[~0S Uwc&GX]
(BT )
jeY5mUWc&GX]
(AT )
 *kc*G0G] Sw^hYAn%GLUwD[G&gAjy^]
(A,B)
^`S'n%c0Y0UW]wc0`jexAG0
UWD[GjyFjeY ncyYUw]Wcyhhjyx[^h^UVQ(FjUW]w^ K jeYAm ^UWSUw]jeYASwg<c0SwGjy]wGSW_ZAje]WGZ[hJ]jeY[ (n × n) FjeUw]W^hnGXSX OR^hYAn%G
KT =







BT
BTAT
BT (AT )2
BT (AT )n−1







4c0Y[GSwGGXSUwD5jU
IRn 3 v ∈ &G] (BT )∩ &G] (AT ) ^hFg[h^G2SUWDAjU KT v = 0  *JGYAnG
	 	 Å4ÞlÎÄ&Ê?ÎWäÅVÇ kÑBÚ 
yÅVÔ»ÅVÄ%Û>ÚâÎWÛ»Å BT η(t) ÎÊ BT η̇(t) ËyÎÊ :ÅXÄBÕ Û>ÂÎWÛ)Û»ÂBÅ4ähÐ2ÄBÞ°Û>ÚÉÕ¦Ä BT η̇(·) ÚÉÊ)ÞVÕ¦Ä%Û>ÚÉÄÐBÕ¦ÐBÊ¢ÎWÛ t à
¾¿À¾­Á
 
	 ª
v = 0
jeYAm Gm[GXmTZAnGUWDAjU
ζi = 0
D[^`nDt^`SLjncyYUw]jym[^hn%Uw^hcyY)vC'D[G]WG%c0]wGm[G~
(BT η) ≤ 1 jeY5mmTG~ (AT η) ≤ 1^hF.gA^hGXS!UwD5jU.m[G~
(λ) ≤ 2 ½C'D[GceUWD[G].^Fg[h^`njUW^c0YASBGX_Z[^hjehGYAnGXScyhc]WcyF UwDAG z̃− mTQRYAjyF^hnXS½C'D[G`jySlUGX_Z[^hjehGYAnG&^hS	dVZ5SVUJj.]WG]W^UW^Y[~.ce    ⇔    ¸ cyY5SlG2_0ZAGYUwhQLc0Y[G'SlGXGXSUwDAjeUUWD[G c0Y[hQ&nXjySwGD[GX]wG
BT η
jeYAm
AT η
je]WG4Z[YAn%Uw^hcyYASXe^`SD[GXY!jy
zi(·)
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cyYAm[^UW^c0YASSVUjUw^hY[~½UwD5jU ˙̃x(t) = J ∂Hns(x̃)
∂x̃
(t)
¨¥SwGG¨¥r0¬jeYAm
g5je]je~y]jegADj­UWG]¦¬¦T^h^^­¬ UwD[GGTg[]wG2SwSw^hcyYcyUWD[G^hY0UWG~0]Wjy:j0n¦UW^c0Y½¨¥cy]kn%cSVU¦¬ ^Y¨VªB¬¦
 Y njySwG    UwD[GºUwDA]wGXGº^hY[~y]WGXm[^GXY0USDAjB0Gºj#F.G2jeY[^hY[~ jeYAm UWD[G f ¼La ^hY ¨¥|¬]wGXg[]wG2SlGXYUWSUWD[G½cygTUW^Fjeh^UVQ
YAGXn%G2SwSWje]WQ ncyYAm[^UW^c0YAS^UwD
I(u)
^hYo¨lª2¬© |5JC'D[Gc0]wGXF ª«!©  «?© | ¨¥|Ahª2¬?¦¨|5 q0¬?«? []WcyF © |Jab]wc0g5cSl^Uw^hcyY |5ª«
YAcy]WFjy4G%RUw]WGFjyhSjy]wGF^hY[^F^ !GX]WScy&¨lª2¬¨>sy¬&^hYSlZ5nD j nXjySwGy (k`Slc *GY[ceUWGUwDAjeU
x = {x}  u = {u} jeY5m
η = {η} cyY [0, T1]

 ¶  ¶  ¥T ³    2&   *  ! 	+ -,	'         ,      - 5  +)+ '
U
      
 &(! -,	   -  "
0  
τ ∈ [0, T1]
A   : - - ) 0  #&'! 	'.+ *   #	 & -,	
x̃ = W̃−1z̃
  * 1+ -.A@& -,	$	   	  
*IR JK R2 R:))+)'  &()! ,
H(x, u, η)
* R@! H  @ ''! 	 - #	)
% .!9  - 5   ∂H
∂u
(x, u, η) = 0

τ
   *; : * 2   	+  	 + 
(σzn+1(τ), . . . , σzr (τ))W̃
−T
3 ∈    (A)    /  !   M+!% (λ) ≤ 2 
  ¶)¶  []WcyF ab]Wcyg<c0Sw^Uw^hcyY!{AecyYAG*SwGG2S¢UwDAjeU4m[G~
(AT η) ≤ rwu−1 jU τ uLY[G*FjBQ]WG]W^UwG UwD[G*LjeF^Uwc0Y[^`jeYj0S
H(x, u, η) = − 12xTQx− 12uTRu+ ηTBu+ 〈AT η, x〉
Sw^YAnG
AT η ∈ Tn−2
^`SjmT^`SVUW]w^hx[ZTUW^c0Y) (*U
τ
*G&FjBQ
]W^UwG
η
jyS
η =
n−3
∑
i=0
ηiδ
(i)
τ
 -½G RY[c(UwDAjeU
η = −W̃−13 W̃2W̃−11 z̄+W̃−13



zn+1
zr



	OR^hYAnG
z̄(·) ^`S	jLncyYUw^hYRZ[cyZ5S
ZAYAn¦UW^c0Y jeU
τ
*GmTGXm[ZAn%GUWDAjU
ηi = W̃
−1
3 βi
^UWD
βi =




0r−i−1
σzr−i(τ)
02n−r+i




¨­]WcyF ¨,0zy¬¨,Aª2¬vG^UwDAG]
βi = 0
c0]
βi = −zr−i(τ−) > 0
¬¦bC'DAGJ]WGXSwZ[U*cyhhckSx<GXnXjeZASwGLmTGX~
(AT η) ≤ 1 ^jeY5mcyYAQ^ (βn−1, . . . , β0)T ∈
&G]
(AT )¨¥ceUWD[G]W^hSwG*UwD[GJg[]wcTmTZ5n¦U 〈AT η, x〉 Y[G2n%G2SwSWje]W^hQ^hY0cyhyG2S u(·) jyYAm.^USbmTGX]w^hjUw^hyG2SW¬%¢C'DAGhj0SVUb]WGXSwZ[U4cyhckS	]WcyFa]wc0g5cSl^Uw^hcyYASqjyYAm{[
 YcyUwD[GX]b c0]WmASUWD[GJc0gTUw^hFje[^hY[g[Z[U*n%c0Fg[ZTUwG2mjehcyY[~&UWD[GJSwcyhZTUw^hcyYce:UWD[GJmT^`SVUW]w^hx[ZTUW^c0YAjeAg[]wc0x[hGF¨lª y¬¨Vª  y¬
¨lªXry¬^hS~0^0GYxRQº¨>qy¬'jUvj.UWjeYA~yGYUW^hjy)n%cyYUjyn¦Uk^bjeYAmc0Y[Q^bmTGX~
(λ) ≤ 2  - D[GXYmTG~ (λ) ≥ 3 c0Y[G^h)D5jByG&Uwc]WGXSwcy]wUUwcUwD[G!F.G2jySwZ[]WGmT^£<GX]wGXY0UW^hjyg[]WcyxAGXFD[cSlG!Slc0ZTUW^c0YASkjy]wGUW^FGZ[YAn¦UW^c0YASL^Y F∞
UWcnDAjy]Wj0n¦UwGX]w^ !GvUWD[G
c0gTUw^hFjeh^UVQ0SwGGvSlG2n¦UW^c0YAS A qjeYAm A {[ )G%U*ZAS Y[ceUWGkUwD5jU*UwD[G&n%c0YASVUW]Wjy^YUS	UwDAjeU'jy]wGJ^Fg<c0SwGXm^hY ¸ c0]wc0`je]WQ|.jeYAm
^hYab]Wcyg<c0Sw^UW^c0Y|jU'UW^FG
τ
5jy]wGvce¢UwDAGSwjyF.G&YAjeUwZ[]WGjyS*UWD[G&ZASlZ5jencyYASlUw]je^hYU
z̄(τ−) = 0
jUJjeYGYUW]wQUW^FG0
     *   
'& ') #
I(u)
G%UkZASJmTGXjy)Y[c ^UWDnXjySwG  F  [^> Gy m[G~
(λ) ≥ 3 C'D[GnXjySwG F    ^`Skcy¢gAjy]lUW^hnZ[`je]'^YUWG]WGXSlUkx5G2njeZ5SlG^ULSwD[ckSUWDAjU*UwDAGLc0gTUw^hFje:n%cyYUW]wc0hG] FjBQx<GvjZ[YAn%Uw^hcyYcy)Uw^hFGyRD[^hGLUwDAGvnc0SlUWjUWG
η
^`S j!mT^`SVUW]w^hx[ZTUW^c0Yce¢mTG~0]wGXG ≥ 3 C'DRZASm[GXn%]WGXj0Sl^hY[~UwD[G . ]WG~yZAhjy]w^UVQ /ce
u(·) D[^hG0GGgA^Y[~mTGX~ (u) ≤ 1 FjBQn]wG2jUWGSwG]W^hcyZAS&mT^¯n%Z[Uw^hGXS^hY½UwD[GjyYAjehQTSl^`Scy*UWD[^`Sc0gTUw^hF^hSWjUW^c0Yg[]wc0x[hGF¢UwD[Gn%c0SlUWjeUwGG2_0Z5jUw^hcyYx<G^hY[~½jmT^`SVUW]w^hx[ZTUW^c0YAje*mT^£:G]WGYUW^hjyGX_ZAjeUw^hcyY
j0S¨,0ry¬¦ uLYºUWD[GSwG%UWSSlZ[gAg
(dJi)
UwD[GmTQRYAjyF^hnXSce*UwD[GSwQTSVUWGF^Y ¨|R¬¨¥j¬¨¥nX¬x5G2n%cyFG2Sjeh~yGXx[]Wjy^hny)SlGXG¨,AªX¬
¨.yzy¬% ¸ cyYASwGX_Z[GXYUwhQD[GYmTG~
(λ) ≥ 3 ^U^`S'Y[GXnGXSWSwjy]wQ.UWDAjU'UwDAGvc0gTUw^hFje)ncyYUw]Wcy<g[]Wcyx[hGF^hY½¨lª2¬v¨>sy¬¦T^hYRyc00GXSjyY jy~0Gx[]je^`nj0n¦Uw^hcyY ^Y jymAmT^UW^c0Y(UWc jyY#^hYUwG~0]Wjyjyn¦UW^c0Y) uLY[GgAjeUwD ^hS.UWD[Gcyhc^hY[~A§
u2
DAj0SY[cºFG2jeY[^hY[~
^
u = δ0
 *kc*GyGX] 〈δ0, ϕ(t)〉2 = ϕ(0)2
DAjySjFGXjeYA^Y[~(cy]jyYRQ ncyYUw^hYRZ[cyZASUwGXSlUZAYAn¦UW^c0Y
ϕ(·)  (JhSwc
〈a1δ0 + a2δ̇0, ϕ〉2 = a21〈δ0, ϕ〉2 − 2a1a2〈δ0, ϕ+ φ̇〉 + a22〈δ0, ϕ̇〉2 = a21ϕ2(0) − 2a1a2(ϕ(0) + ϕ̇(0)) + a22ϕ̇2(0)

C'DA^hSv'jBQcy^hY0UW]wcTmTZ5n%^hY[~UWD[GSl^hY[~yZAhjy]vmT^`SlUw]W^x[Z[Uw^hcyYAS&n%c0YUw]W^x[Z[Uw^hcyYASL^YtUwD[G_ZAj0mT]WjeUw^`nnc0SlUX:^hSm[^£:G]WGYUv]wc0F
UWDAjU&n%c0YASl^`mTGX]wG2m^hY(©hªX{B«? G%U {δn0 (·)}
x5G.jZ[YAm[jyFGYUWjy¢SwGX_Z[GXYAn%Gc0]kUWD[G!¤L^]jynF.G2jySwZ[]WG
δ0
©ª0ªe (kg[g<GY5mT^
(k«>  Y©hªX{«A^U ^hS4jy]w~0Z[GXmUwDAjeUSl^hYAnG ∫ +∞
0
(δn0 )
2(t)dt → +∞ j0S n→ +∞ eUWD[GY.UwDAGkn%c0SlU4Uwc&x<GJjySWSwcRn^hjeUwG2mUwc&UWD[Gm[^hSlUw]W^xAZTUw^hcyYAjy:gAje]wUWS*^`S
+∞   U'^`S'n%c YAn%hZAmTG2m^hYº©hªX{«+UwDAjeU'c0Y[hQUwD[cSlGvcygTUW^Fjy:ncyYUw]Wcy<g[]Wcyx[hGFS*^hY0cyhR^Y[~!Y[cm[^hSlUw]W^xAZTUw^hcyYASkcebmTG~0]wGXG ≥ 2 FjyyGSwGYASwGykuLZ[]Jjyg[g[]Wc0jynDcebncyYASw^hm[G]W^Y[~.UWD[Gn%cSVUZAYAn¦UW^c0Y#¨c0]Jjyn%Uw^hcyY5¬*D[GXYDA^~0D[G]mTGX~y]WGGmT^`SVUW]w^hx[ZTUW^c0YASje]WGg[]WGXSwGYU^Y½UwDAGcygTUW^FjebncyYUw]Wcy4gA]wc0x[GXF)]WjeUwD[GX]&cyhckSKcy]WGXjeZ¡ Sv]WGXSwZ[US
^hY © 0{B«? (kY^hF.g<cy]wUWjyYU*UWcRcy)^hYUwD[GmTGXyGXc0g[FGYUWS'D[^`nDcyhc7^hSUwD[GFGXj0SlZA]wGmT^£<GX]wGXYUw^`je:cy]WFjeh^hSwFcyUWD[G
*&u&ORa ^Y¨>syse¬°¨>se{y¬%
¾¿À¾­Á
 
	 ª2r
)GUZASmTGXY[ceUWG
dν¯̃z = (dν1 . . . dνr)
T ∈ IRr 7OT^F^hhjy]whQcy] dJz̃
D[^hnD mTGXY[ceUWGXSUWD[GjUWcyF^`ng5je]wUce
UwDAG.0GXn%Uwcy]vFGXj0SlZ[]WG
dνz̃ = gz̃(t)dt + dJz̃
¨¥SwGG¨,se¬l¬%"G%UZAS&mTG%5Y[G M =
(
Ir−1 0r−1
0r−1 M (r)
)
∈ IRr×r jyYAm
M̃ =
(
M 0r×(2n−r)
0(2n−r)×r 0(2n−r)×(2n−r)
)
∈ IR2n×2n  []WcyF ¨»s&e¬ GDAjB0G dz̃ = Ãz̃(t)dt + M̃
(
dν¯̃z
02n−r
) 
C'DRZAS
dνx̃ = W̃
−1M̃
(
dν¯̃z
02n−r
)
= gx̃(t)dt+ dJx̃

²  #  0  
rwu = 2k

k ≥ 0  	+ m = 1  H ' "     T2& .2& 	 *   @   R2 *    	   ''8@&  + #.!  1
2 〈dJ¯̃z , ϕ〉TM〈dJ¯̃z , ϕ〉
     $ &()! ,
ϕ(·) ∈ C0[IR, IR] 
    & '  !   * *  [0, T1]
 &()+! 
'M! '- * , */   2 	)+   J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  ¶)¶  uLY[GDAj0S
dνi({t}) = {zi}(t+) − {zi}(t−)
cy].jeh
t ∈ [0, T1]
  
t
^`SY[cyU.jyY jeUwc0Fcy
dνi
UwD[GXY
dνi({t}) = dJi({t}) = 0
  
t
^hS)jyYjUwc0F cy
dνi
UwDA^hS^Fg[h^G2S:UwD5jUjyUWD[G	UWjyY[~yGXYUn%cyYAGXS
T kΦ({z1}(t−), . . . , {zk}(t−))SWjUw^`SlQ
T kΦ({z1}(t−), . . . , {zk}(t−)) = IR+
c0]
0 ≤ k ≤ i−1 C'D[GXY dνi({t}) = dJi({t}) = argminσi+{zi}(t−)≥0 12σ2i

 YAmTGXGXm]WcyF¨.yzy¬^Uc0hckS'UwD5jU {zi}(t+) =
gA]wcB
[T i−1Φ (z1(t
−), . . . , {zi−1}(t−)); {zi}(t−)]
 -½GmTG2mTZAn%G&UWDAjU
{zi}(t+) = argminσ∈T i−1
Φ
(z1(t−),...,{zi−1}(t−))
1
2 (σ−{zi}(t−))2
  YnXjySwG {zi}(t−) < 0
jeYAm
T i−1Φ (z1(t
−), . . . , {zi−1}(t−)) =
IR+
¨D[^`nDtjy]wGUWD[Gn%cyY5mT^UW^c0YASk]WGX_Z[^h]WGXm SwcUwDAjeU
dJi
g5cSwSwGXSWSwGXSkjyYtjUWcyF}jU
t
¬kUwDAG]WGXSwZ[ULcyhckSX -½G!DAjB0G
〈dJ¯̃z , ϕ〉TM〈dJ¯̃z , ϕ〉 =
∑r−1
i=1 〈dJi, ϕ〉2 + M (r)〈dJr , ϕ〉2
*jeYAm#]WcyF )GXFFj ª
M (r) > 0
 C'DAG]WGXSwZ[U^hS
g[]WcyG2m+
)GUvZ5S&^hZ5SVUW]WjeUwG!UwD[GSwGXn%c0YAmjy]w~0Z[FGYUvcybUwDAG.gA]wcRceV   {zi}(t−) < 0
UWD[GY
argminσi+{zi}(t−)≥0
1
2σ
2
i =
−{zi}(t−)
 OT^YAnG
dνi({t}) = {zi}(t+) − {zi}(t−)
*Gm[GXmTZAnGUWDAjU {zi}(t+) = 0
¨¥jtg[hj0SVUW^hndVZ[Fg5¬¦C'D[G
gAjy]WjyhG^UWDZ[Y[^hhjeUwGX]Wjy¢K G2nDAjeYA^hnXSJjeY5mK cy]WGXjyZ)¡ SkSlG2n%c0YAm cy]mTGX]JSl*GGXg[^hY[~g[]WcTn%GXSWSJnXjeYx<G!m[cyY[G0<DAG]WGUwD[G
g<c0SlUl?^FgAj0n¦U 0GhcTn%^UVQ!SWjUw^`SlAGXS
q̇(t+) = argminw∈TΦ(q(t))
1
2 (w− q̇(t−)TM(q(t))(w− q̇(t−)
D[GYUwD[GL^FgAj0n¦UWS
je]WG&g[`jySlUw^`n!©hªyªyAiGFjy]wq[ª0ª%«?
)GXFFjk|JG%RUWGYAm[SUWcJcTm[mR
rwu
SwQTSVUWGFSgA]wcR^`mTGXm
dJr = 0
 -½G SwDAjeh0AYAmjy~0jy^Y&UWD[G*Swg<GXn%^5n^UVQ&ce[cTm[mT
rwuSwQRSlUwGXFS'^Y SwGXn¦UW^c0YAS'|AÉs!jeYAm qR G%UkZASgA]wc0g5cSlGLUwD[G&c0hc^hY[~!GRUwGY5mTGXmjyn%Uw^hcyYUwcx<GF.^hY[^hF^ !XGXm+§
minimizeu(·)∈U
1
2 〈dJx̃, ϕ〉T W̃ TM̃W̃ 〈dJx̃, ϕ〉 + 12
∫ T1
0
[{x}(t)TQ{x}(t) + {u}(t)T{u}(t)]dt
+ 12{x}T (T1)F{x}(T1)
¨¥|AªB¬
cy]kjyYRQUwGXSlUZ[YAn%Uw^hcyY
ϕ(·) ∈ C0[IR, IR] [^UwD SwZ[g[g<cy]wUncyYUWjy^YA^Y[~ [0, T1]

²  Y X X ¶EY F 0  
U
A       + -.A@& -,	  * Trwu([0, T1])
2&B!9 '# ' # #  	+  * .  P
 
	$	 -.!  .+ 	 
u ∈ U    * *     ⋃ri=1
2& 
(dJi)
 ) +!:
#     
U
rwu
J

C'D[GmTG%AYA^UW^c0Y#ce
U
rwu
J
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]WGXm½UW^FG
u(t) = η3(t)
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e¬UWD[Gm[^hSlUw]W^xAZTUw^hcyYAjyG2_0Z5jeh^UVQ
Du = Dη3 =
x3 − η2 = z3 − η2
SwD[ckS*UwD5jUJmTGX~
(Du) = 2
Sl^hYAn%GmTGX~
(η2) = 2
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[x(t)TQx(t) + u(t)Tu(t)]dt+
1
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xT (T1)Fx(T1)
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DAjB0G
∂H
∂u
= 0
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1 ≤ i ≤ r−1 exAZTUbcyY[hQjyFc0SlU4G0G]WQDAG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rwu = 2

l > 0
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


ẋ1(t) = x2(t)
ẋ2(t) = u(t)
w(t) = l − x1(t) ≥ 0
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ż1(t) = z2(t) (= −x2(t))
ż2(t) = z3(t) (= −η2(t))
ż3(t) = z4(t) (= η1(t))
ż4(t) = λ(t)
0 ≤ w(t) = l + z1(t), z1(t) = −x1(t)
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Φ = {q| h(q(t)) ≥ 0} ^UWD h : IRn → IR ¢jyYAm½ GUjeyG T1 = 1
C'D[G
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F^UwD
e ∈ [0, 1] 
F^hY[^hF.^ !G
q(0) = q0 ∈ Φ
q(1) = q1 ∈ Φ
q̇(t+) + eq̇(t−) ∈ TΦ(q(t))
1
2
σq̇(t)
TM(q(t))σq̇(t) +
∫ 1
0
L(q(t), q̇(t))dt ¨¥|0{¬
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[0, 1]
DA^hnD SwjeUw^`SVAG2S
q(0) = q0
jyYAm
q(1) = q1
F^hY[^F^ !G2S
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dJv({t}) = q̇(t+)− q̇(t−)
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Y
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q(0) = q0 ∈ Φ
q(1) = q1 ∈ Φ
q̇(t+) + eq̇(t−) ∈ TΦ(q(t))
1
2
〈dJv , ϕ〉TM(q(t))〈dJv , ϕ〉 +
∫ 1
0
L(q(t), q̇(t))dt ¨| e¬
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∫ 1
0
(L(q(t), q̇(t))dt + h(q(t))λ)
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(t) − ∂L(q,q̇)
∂q
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TQx + 12u
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dν¯̃z = (dν1 . . . dνr)
T
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dνx̃ = W̃
−1M̃
(
dν¯̃z
02n−r
) [jeYAm
dx̃− Ãx̃(t)dt− dνx̃ = 0
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L̄({x}, {u}, dνx̃, dt) = L({x}, {u})dt+ {x̃}(t+)T dνx̃
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^`S4]W^UwUwGYD[GX]wG'^UwDjSlUw]WcyY[~&jexAZASlGcy<YAceUWjeUw^hcyYjeYAm.]WGX_Z[^h]wG2S4Slc0FG'nXje]WGy¢C'D[G
ZAYAn¦UW^c0Y {x̃}(.) ^`S]W^h~yDUl°n%c0Y0UW^YRZ[c0ZAS&jeYAm dνx̃
^`SjFG2jySwZ[]wG^UwDg<c0SWSl^hx[hGjUWcyFSjUUW^FG2S
tk

k ≥ 0 C'DAGSwgAj0n%G.ce*Z[YAn¦UW^c0YAS&D[^`nD½jy]wG
dνx̃
?^hY0UWG~0]Wjyx[G.n%c0Y0Uje^hYASvZ[YAn%Uw^hcyYASncyYUw^hYRZ[cyZ5SvjeU
tk
jyYAmºjyhSwcUwD[GZ[Y5n¦Uw^hcyY5S
DA^hnDjy]wG
dνx̃
?jyFcSVUGXyGX]wQRD[GX]wGG2_0Z5je[UWc!jyY^YUwGX~y]jex[hGJjyYAmn%c0YUw^hYZAcyZASbZ[YAn¦UW^c0Y
g(.)
bOR^Y5n%GLUwD[GvSlZ[gAg5c0]lUS
cybUwDAGjeUwc0FSvje]WG!UwD[GSl^hY[~0GUwcyY5S {tk}
+^U^hS&SwZT¯n%^hGYU&UwDAjeU {x̃}(tk) = g(tk)
!C'D[GXY))mTGYAceUw^hY[~UwD[GjeUwcyFSLce
dνx̃
jyS
δtk
c0Y[GDAj0S
∫
{x̃}dδtk =
∫
gdδtk = g(tk) = {x̃}(tk) = {x̃}(t+k )
¨|r0¬
'_ZAjy^UVQt¨¥|0ry¬'SwD[ckSUwDAjeU ∫
L̄({x}, {u}, dνx̃, dt)
^hS'FG2jeY[^hY[~eZA»-½GvUwD[GX]wGcy]WGLg[]Wcyg<c0SwGLjyYjyUWG]WYAjUW^0GJUWc
a]wc0g5cSl^Uw^hcyY 
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minimizeu(·)∈Urwu
J
I(u) =
∫ T1
0
L̄({x}, {u}, dνx̃, dt) +
1
2
{x}(T1)TF{x}(T1)
¨»qyz0¬
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  ¶)¶  )GUZAS)ncyYASw^`mTG]:UWD[GjeZA~yFGYUwG2m *JjeF^hUWcyY[^`jeY&FGXj0SlZA]wG
H̄({x}, {u}, dνx̃, dt) = −L̄({x}, {u}, dνx̃, dt)+
{η}T (A{x} +B{u})dt   Uk^hSkY[ceUWG*cy]wUwDRQUwD5jUJ^hYUwD[G]jeFGX c0]wcy'¨?syse¬°¨>s|0¬'c0Y[GnjyY mT]wc0g jeh)x[]jynyGUWS'jyS
{x}(·) = x(·) ¢x<GXnjyZASwG!UWD[GSwcyhZTUw^hcyY½^hSncyYASw^`mTG]WGXm½jySjZ[YAn%Uw^hcyY ^hY F∞([0, T1]; IR)
OR^Y5n%GUwDAGSwG%Ucy*ncyYT
Uw]WcyhhG]S^`S
U
rwu
J
jyYAm
u = BT η
¨DAc0SwGLFGXjyY[^hY[~^`S'jyS*^Y½¨|Rsy¬l¬%RUwD[G&SwZ[g[g<cy]wU*cy)UwD[G&FGXj0SlZA]wG
dνx̃
^`S c0]Wm[G]jex[hG
jeY5mncyZ[YUWjyx[hGy4K ^hF.^`nR^YA~ ©ªX|[T]wGXFje]W ªyhª%«)*G&m[GXmTZAnG&UwDAjeUUwD[GGRUw]WGFje`S*ce¢UwD[G&Z[Y5n¦Uw^hcyY5je
I(u)
SWjUW^hSlQ











dx = ∂
∂η
(
− 12L(x, u)
)
(t)dt − dνx +Ax(t)dt +Budt
dη = − ∂
∂x
(
− 12L(x, u)
)
(t)dt− dνη −AT η(t)dt
u = BT η
¨>qTªB¬
jySjyYG2_ZAjeh^UVQce4mT^£:G]WGYUW^hjy+F.G2jySwZ[]WGXS cy]UWD[G&A]SVU'UV*c^hY[GXS'cy'¨>qTªX¬%C'D[GvUwDA^]mGX_ZAjeh^UVQDAjyS*UWD[GFGXjyY[^YA~
G%Tg[`je^hY[G2m!^hYUwDAGJg[]WcRce:ce+ab]Wcyg<c0Sw^UW^c0Y vjyYAmjehhckS	cyY[G'UWcnjyhnZ[hjeUwG'UWD[Gkcyg[Uw^hFjyA^hY[g[ZTU*ZASw^Y[~a]wc0g5cSl^Uw^hcyYªe
uLY[G	UWD[G]WG%c0]wG	DAj0S)jehcyY[~SwcyhZTUw^hcyY5S+ceUwD[GF.G2jySwZ[]WG	m[^£:G]WGYUw^`jey^YAnZ5Sl^hcyY¨»q[ª2¬
u(t) = argmaxu∈F∞ H̄(x, u, dνx̃, dt))GXx5G2Sl~0Z[GjehFc0SlU'GXyGX]wQRD[GX]wG¨Y[cyUw^`n%GvUwD5jUk^
u ∈ UrwuJ
UwDAGY {u}(·) ∈ F∞
¬¦
-½G!DAjB0GUwDAG]WG%cy]WGGRUwGY5mTGXmUwD[G.FGXjySwZ[]WG!mT^£:G]WGYUw^`je	^hYAn%hZASw^c0YY[GXnGXSWSwjy]wQn%c0YAmT^Uw^hcyYASL^hY ¨¥|0¬.¨¥{y¬JUwcUwD[G
cyhhc^Y[~
−dx̃+ Ãx̃(t)dt+ dνx̃ = 0
dνx̃ = W̃
−1M̃
(
dν¯̃z
02n−r
)
dν¯̃z = (dν1 . . . dνr)
T
dνi ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t+))
cy]kjy
1 ≤ i ≤ r
x(0) = x̄0, η(T1) = Fx(T1) + C
T γ + β = F x̄1 + C
T γ + β = η1
D[^`nD ]wG2mTZAn%G2SvUwc¨|R¬¨¥{¬vD[GY
λ
^`SjFGXjySwZ[]WG¨»SlGXG¨,0{y¬l¬% (JSSWje^`m½jex<cyGy)UwD[Gc0xTdVGXn%Uw^hyG^hSvUWc g5GX]lc0]wFj
Swce°njehhGXmm[^]WGXn%UJjeg[g[]Wc0j0nDUWcmT^hSWn%]WG%UW^ !XGvUwD[GGRUwGY5mTGXmjyn%Uw^hcyY ¨»qyzy¬'^UwD jSlg<GXn^<n&YZAF.GX]w^`njy)jeh~yc0]w^UwD[FUWDAjU
^`S*jyx[hGkUwcjegAg[]wcBT^hFjUwGJF.G2jySwZ[]WGXSX	ORZ5nDjUW^FG?SlUwGXg[g[^hY[~.jy~0cy]W^UWD[F^hS g[]Wcyg<c0SwGXm^hYt©hª%«:c0]UWD[GL^hYUwGX~y]jUw^hcyYce
 ¼Ja S
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∂Φ
C'D[GX]wGjy]wG&UV*cFjedVcy]kg<cy^hYUWSX§bDAjeUJDAjegAg5GXYASkjUvjeYGYUw]WQUW^FG05jeY5mDAjUkDAjyg[g<GYASLj­UwGX]JjeYGXY0UW]wQUw^hFGy  Y
UwDA^hSbSwGXn%Uw^hcyY*G*Z5SlG'UWD[GgAje]wUw^Uw^hcyYA^Y[~&cy
∂Φ
j0S	g[]Wcyg<c0SwGXm!^Y©hªXrTsezB«?4K cy]WG'g[]wG2n%^`SlGXQ0e*G'SlUwZ5mTQUWD[G* % 
	
x<GDAjBR^hcyZ[]*ce¢cygTUW^Fje)SwcyhZTUW^c0YASDA^hnDjUwUWje^hY
∂Φ
TjeY5mg<c0SWSl^hx[hQG2jByGL^Ukc0] ]WGFje^hYc0Y^UXbC'DAG&ncyYUw]Wcy<^hY[g[ZTU
u(·) ^Y ¨»s0¬^`SLj0SwSwZ[FGXm Uwcx<G.g[^G2n%GX^hSwGSwF.cRcyUwD#¨»jg[^hGXnG^`SlG C∞([0, T1], IR)
Uw^hFGZ[YAn%Uw^hcyY5¬%icyZ[~0D[hQy5UwD[G
g[]WcTn%GXSWSn%c0YASw^hSlUWS&cySwZ[x:mT^h^`Sw^Y[~
∂Φ
^hYUwcSwZ[xASwG%USjeYAm½G2Slg<GXn^hjyhQUW]wQR^hY[~UwcSwGhGXn%UUwDAjeUg5c0]lUW^c0Y½cy
∂Φ
SlZAnD
UwD5jULYAc^YAg[ZTU
u(·) G%T^`SVUSUWDAjU&njeY0GGgjyY GYUw]WQSVUjUwG x(τ) ^hYASl^`mTG Φ kC'D[GXYtSwZ[]wGXQjeY c0gTUw^hFje)UW]WjedVGXn%Uwcy]WQD[^`nDg<c0SWSwGXSWSlG2Sj!x<cyZAYAm[je]WQje]ne[nXjeY[YAceUgAjySWS*UwDA]wc0Z[~yDUwD[^`S
x(τ)

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C'D[G&c0hc^YA~.j0SwSwZ[FgTUw^hcyY5Sje]WGL^hYcy]mTG]2§
 ^`¬'C'D[G&gAjy^] (A,B) ^`Sn%cyYUW]wc0`jex[hGy
ÀÀ Ä#0[Í112
se|   #	, 
 ^^­¬  F (B) ⊆ &GX] (C) 
 ^^h^­¬ D = 0  C 6= 0 jyYAm m = 1 
 ^[¬ Φ 6= ∅ 
uLY[G.SlGXGXSJUwDAjeUL^h^`¬J^hF.gA^hGXSJUwDAjeU
CB = 0
<^> Gy
rwu ≥ 2 LC'D[G.njySwG rwu = 1 ^h¢x<GUW]wG2jUwG2mx[ZTUmTGXSwG]WyG2SSwg<GXn%^`jebjeUlUWGYUw^hcyY))-½G]wG2SVUW]w^`n¦Uc0Z[]WSwGhyG2SLUwcUwD[GnXjySwG
D = 0
x5G2njeZ5SlGj0SvSwD[cY½^Y ©hªXr[ /w¼ l «^U^`Sjeh*jBQTS
g<c0SWSw^x[hGUwcUW]WjyYASlcy]WF UwD[GmTQRYAjeF^`nS&UWc ]wG2n%cyGX]vUwD[^`SnXjySwGyC'D[GSlZ[x5SlGUWScy
∂Φ
jy]wG^hYRje]W^hjyY0UZ[Y5mTG]h^hY[GXjy]
SlUWjeUwG&GXGXmTxAj0n:C'D[]WGGSwG%UWSJje]WGvcy¢^hYUwGX]wG2SVUkD[GX]wG0§
χcon
UwD[GSwZ[xASwG%Ukcy
∂Φ
jUkD[^`nDUw]jdVGXn%Uwc0]w^hGXS'n%c0F^Y[~]WcyF
 YU
(Φ)
njyY.FjyyGn%c0Y0Ujyn%U	^UwD
∂Φ

χrel
UWD[GkSwZ[xASwG%Ubce
∂Φ
jUbDA^hnD.Uw]jdVG2n¦UWcy]W^G2S¢SlUWjy]lUW^YA~vc0Y
∂Φ
njeY.hGXjByG
∂ΦjyYAmSlUWjBQ.cyYjg5cSl^Uw^hyGJUw^hFGJ^hY0UWG]Wje<^Y
Φ
TjyYAm
ν∗
UwD[G&SwZ[xASwG%U cy
∂Φ
SwZAnDUWDAjU UwD[GX]wGLG%T^`SVUSc0Y[G
u(·) = u∗(·)UWDAjUnXjeY#0GGXg ¨¥cTnjyhQ[¬UwD[GUw]jdVG2n¦UWcy]WQ½c0Y
∂Φ
¨
ν∗
^`S.UwD[G`je]W~yGXSlUn%cyYUW]wc0hGXm^hYRje]W^hjyY0USwZ[xASwgAjynG^hY
∂Φ
¬¦
C]jdVGXn%Uwc0]w^hGXSUwDAjeUkFjeyGncyYUWj0n¦U^UWD
∂Φ
^Y
χcon \ ν∗
AG2jByG
Φ
 )G%U
r(x, u) : ∂Φ ×U → IN ∪ {+∞}
jyYAm
r(x, u) = min{i ∈ IN | w(i)(x, u) 6= 0}
^UwD
r(x, u) = +∞ ^ w(i)(x, u) = 0 cy]vjeh i ∈ IN 5D[G]WG U ^hSkUwD[G!SlGUJce4g[^hGXnG^`SlGSwFcRceUwD(¨¥^Y[AY[^UwGhQm[^£:G]WGYUw^`jexAGB¬^hY[g[Z[UWSX
C'D[Gv]WGXSwZ[USbcyb©ª2rB«+D[cy`mcy]*jg[^hGXnG^`SlGvSlFcRceUWD
u(·) (nn%c0]Wm[^Y[~UwcUWD[GL]WjyF.GX c0]w.mTG0G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Y5SlGce&mTG%AYA^UW^c0Y7ªe C'DRZAS
x(·) ^`SjeYAjyQUw^`ncyY
[0, T1] \ {tk}
jyYAmSwc^hS*UWD[Gcyg[Uw^hFjy)n%c0Y0UW]wc0
u(·) bKcy]WGcyGX]UWD[G&Uw^hFGXSjeUkD[^hnDUwDAGSlc0ZTUW^c0Y^`SY[cyUjyYAjehQUw^`njy]wG'UWD[G4dVZ[FgUW^FG2S
tk ∈
SlZ[gAg
(λ)
jeY5mje]WG*GXYUw]WQUW^FGXSX4f*ZTUhG%­U j0nn%ZAFZ[`jUW^c0YAS4ce)SlUWjeUwG
z̃
dVZ[FgAS FjBQcTnnZ[]X
(LSjn%cyY5SlG2_0ZAGYAnGy+UWcm[G]W^0G.FcSVUce*UwDAG]wG2SlZ[UWSvc0YºUWD[G_ZAjeh^UjUW^0G.x<GD5jB^hcyZA]vcy*c0gTUw^hFje	UW]WjedVGXn¦UWcy]W^G2S&jU
jyY GYUw]WQUw^hF.G
τ
:cyY[GD5jySUWcFje0GUwD[G.jym[m[^UW^c0YAjej0SwSwZ[FgTUW^c0YUwDAjeUJUwDAG]WG^hSLY[chG%­U&jynXn%Z[F!Z[hjeUw^hcyY jU
τ
  Y
R^hG cyab]Wcyg<c0Sw^UW^c0Y )UwD[^`Sv^hS&G2_0ZA^jehGYUvUwcjySWSlZAF.^hY[~UwDAjeUvUWD[GSlGU&cy jym[F.^`SWSl^hx[hG.ncyYUw]Wcy`SJ^`Sv]wG2SVUW]w^`n¦UWGXmUwc
gA^G2n%G^`SwG'jyYAjehQUw^`n Z[YAn¦UW^c0YAS {u}(·) ¨¥^» GyUwDAGkSlZ[gAg5c0]lUbcy5UWD[GkjUWcyF^hn*gAjy]lUbcy λ ^`S	AYA^UWG2¬	jeY5mUWDAjUb]WGXj0nDAjexA^h^UVQDAcy`m[Sk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UWjy^`Skc0Y UwD[^`SLg5c0^YUX&ORZAnDtjyYtjySWSwZ[FgTUw^hcyY
^`SLFj0mTGc0]J^hYASlUWjeY5n%G^hY#© e|A:C'DAG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D[GX]wG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m ≥ 2 xAZTU.j0SwSwZ[F^YA~UwDAjeUUWD[G]WG&^hSkcyY[hQcyYAG&ncyYASlUw]je^hYU UWDAjUk^`Skj0n¦Uw^hyG&jU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  χcon = {x ∈ ∂Φ | ∃ u ∈ U
 &B!  '# {r(x, u) < +∞ 	+ :; :  )+ w(r(x,u)) > 0},  {r(x, u) <
+∞ 	+ ++> 	)+ w(r(x,u)) < 0} 
  χrel = {x ∈ ∂Φ | ∃ u ∈ U
2&B!  '
r(x, u) < +∞ 	+ w(r(x,u)) > 0}
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νk+1 = {x ∈ νk| CAkx = 0} ©hªXr«>- D[GXYtjySWSlZAF.g[Uw^hcyY^h^`¬J^`SLYAceUvSWjUW^hSlAG2m+
rwu = 1
jyYAm ^Uv^`SLcyxRR^c0ZASUWDAjU
ν∗ = {z| z1 = 0} = ∂Φ
La	c0^YU
 X X ce¢ab]Wcyg<c0Sw^UW^c0Yºª2z!DAcy`m[S*cy]kjyYQ
1 ≤ rwu ≤ n 
 ¶  ¶  »T ³   0  
rwu = n
	+' A ;    2& 
-,	'  	L+   ',&()! 	  -  *
 +  
- )#	 - =T  !   
xun(·) *   #	 & -,	  *	    A 
  *
C = 0
) - *5 
xun(t) ∈
  
(Φ)
 #	 	
t ∈ [0, T1] \ {tk}1≤k≤l

l < +∞ 	+
xun(tk) ∈ ν∗
 * @ ' 	 & -,	
x(·) 1*	   98:& 	   xun(·)
 
u(·)  
 -.!   +) QA          &()! -,	 
[0, T1]

  ¶)¶  -½GRY[c7]WcyF a]wc0g5cSl^Uw^hcyY rUWDAjUJx<cyZAYAm[je]WQjy]WnXSjeYAm ncyYUWj0n¦UJSlUWjeUwGXSkx5GXc0Y[~Uwc
ν∗
<jeYAm]WcyF
ab]Wcyg<c0Sw^UW^c0Y(ªXzUwD5jU&cyYtx<cyZAYAm[je]WQ je]nSvjeYAmºn%c0Y0Ujyn%U&SlUWjeUwGXS
x = 0
jyYAm
u = 0
 (kYRQ ceUWD[G]&SlUWjUWGUW]WjedVGXn%Uwcy]WQ
h^Y[R^hY[~
x̄0
UWc
x̄1
^hY
Φ
^UwD jSlFcRceUWD^hY[g[ZTU
u′
T^h)QR^hG`mjyY^hYUwGX~y]je+jyn%Uw^hcyY
I(u′) > I(u)

 
D 6= 0 c0Y[GJFjBQ]WGXn%c0G]	UWD[GLgA]wGX^hcyZ5S nXjySwGkxRQj!Sl^hFg[hGJUW]WjyYASVc0]wFjeUw^hcyY)0D[c GXyGX]bUwDAGJY[GX gAje^h] (Ā, B̄)^`S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ẋ(t)
η̇(t)
)
=
(
A 0
Q −AT
)(
x(t)
η(t)
)
+
(
0
−CT
)
λ(t) +
(
1 −1
0 0
)(
λ1(t)
λ2(t)
)
0 ≤


w(t) = Cx(t) +D
w1(t)
w2(t)

 ⊥


λ(t)
λ1(t)
λ2(t)

 ≥ 0
λ1(t) + λ2(t) = 1
¨>qys0¬

%'  
w1(·)
)+ −w2(·)
  *     -*;  	)+ $-&-*; ' , 
BT η(·)    9! -*;  	 !       
:       I
	&(!   ;  !      	-*; S+!%    *)!    	      	:)+ '    	 ;    +:!  
-,	  
  	-*; +!%        R  H   "          @   + * R  
r ≥ 1  	+ '	& 	 + A   @+! +   r = 0 *9+!   :)! '           
:!    65$$	 	  $ @
  *  ' 
%': *)& N! 	  -  * .  ?! 	'.+  +	
':+'   ,#	 *   ! -,	 &*   ) 	 * !	   &( 	  *  ! 	   * .  ! '.+!   +)	    :;  	
%'  
  !  
 N!   !    @ )- )  
C'D[Gvcyhhc^Y[~ncyYAnG]WYAS UwD[GncyFg[hGFGYUWjy]w^UVQn%c0YAmT^Uw^hcyYAS'cy¢a]wc0g5cSl^Uw^hcyY scy]kjeYGYUW]wQSlUWjeUwG0
 ¶  ¶  »T ³   0  
z̃(τ−) ∈ χ2k+1con
)+
z̃(τ+) ∈ ν∗  k ≤ r+12
 H ':
0 ≤ {zi}(τ+) ⊥ dνi({τ}) ≥ 0
  )#	 	
1 ≤ i ≤ 2k + 2      	; dJ2k+2 > 0
 
k ≤ rwu − 1 )+ rwu M& A  :;@   k = rwu − 1 
  ¶)¶  IJSw^YA~UwD[GLUWjyY[~yGXYU*n%c0Y[GXS mTG%5Y[^UW^c0Y^hYSwGXn¦UW^c0Y [hªeUwDAGLmTGAY[^Uw^hcyYcy+UwD[GvSlGUWS
χ2k+1con
jeYAm
ν∗
TjyYAm
UwDAGbFjUwGX]w^`jecy]WGFjy]wk|5X^U)c0hckS<UwDAjeU
T iΦ({z1}(t−), ..., {zi}(t−)) = IR+
jeY5m
∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t+)) =
IR−
cy]jy
1 ≤ i ≤ 2k + 2 ¨]WGXnXjeh4UwDAjeU z(2k+1)1 (·) = z2k+2(·)
¬¦ C'D[GA]SVU!]wG2SlZ[UcyhhckS&]wc0F ¨.&¬%C'DAG
SwGXn%c0YAmSVUjUwGXFGYU'cyhckS*]WcyF ¨.yzy¬'jyYAm ¨,AªX¬¦AjyYAmZASl^hY[~ GFFjªjyYAma]wc0g5cSl^Uw^hcyY½ª"T
         '!  
OR^hYAn%GvUWD[G&]wG2SlZ[UWS*D[^`nDnjeYx5G&c0xTUWjy^Y[G2mc0]'G%T^U'UW^FGXSjy]wGvSl^hF^`je]*UWc!UWD[c0SwGvcyxTUje^hY[GXmcy]'GYUW]wQUW^FGXSXTcyYAQ
cyYAGva]wc0g5cSl^Uw^hcyY^hS'~0^0GY^YUWD[^hSJSlG2n¦Uw^hcyY
  ¶  ¶ XX ¶)Y   0  ,+!%
(λ) ≤ 2  H ': *  ! 	E
 ! -,	/A   
  :  A &()+ ! )+  *  , ) ! '  !9!:&  	       *
χ2k+1rel

  *
k ≥ rwu − 1 
-½G.c0F^UUWD[Gg[]wcRcy D[^`nDº]WGh^hGXS&cyYºUwDAGSwjyF.Gje]W~yZAF.GXYUWS&jyS&g[]WcRce¥Sjyx5c0Gy.OT^F^hhjy]]wG2SlZ[UWSncyYAnG]WY[^hY[~
n%cSVUjUWGjeYAm^hY[g[ZTUJ]WG~0Z[`je]W^UVQncyYAm[^UW^c0YASknjyYx5Gm[G]W^0GXmcy]UWD[GGR^UkUW^FGXSX5jyYAmje]WGY[ceUk~0^0GYD[GX]wG&c0]UwD[G
SWjeyG&cy	xA]w^hGR^UVQy C'DAGcyhc^hY[~]WGXSwZ[Uvjeg[g[h^hGXS'UWcjn%c0Y0Ujyn%UJSVUjUwG&UWDAjUL^hSYAceULjyYGXYUw]WQSlUWjUWGy5x[ZTULj~0]Wj!^hY[~
SlUWjUWGy[jyYAm^hSjmT^h]wG2n¦UJncyYASwGX_Z[GXYAn%Gvce	ab]Wcyg<c0Sw^UW^c0YsR
ÀÀ Ä#0[Í112
0z   #	, 
 ¶  ¶  ¥T ³  0  
z̃(τ−) ∈ χ2k+1con
	+
z̃(τ+) ∈ χ2k+1rel

k ≤ r+12
 H ': '  	 		
 *        # 5  + 
0 ≤ {z2k+1}(τ+) ⊥ −dν2k+1({τ}) ∈ ∂ψT 2k
Φ
({z1}(τ−),...,{z2k}(τ−))
(
{z2k+1}(τ+)
)
.
¸ c0]wc0`je]W^G2S  T rºjyYAmab]Wcyg<c0Sw^UW^c0Y stSlD[cUWDAjU.UwDAGj0m[mT^Uw^hcyYAjy*ncyYASlUw]je^hYUWSD[^hnD FjBQ½x<G^Fg<c0SwGXm jU
ncyYUWj0n¦UbUW^FG2SRje]WGUWjyyGXYnje]WGce)^UwDUwD[GLFZ[Uw^hg[h^GX]WS
dνi
D[^`nD^YUwZ[]WYSWjUw^`SlQ.jSwg<GXn%^`je:SwG%Ucyn%cyFg[hGFGXYT
Uje]W^UVQn%cyY5mT^UW^c0YASXTY[ceUg[]WGXSwGYU^Y¨¥|0¬¦  Uk^`S'*cy]wUwDY[ceUW^Y[~.UWDAjUUWD[Gn%cyFg[hGFGXY0Uje]W^UVQn%cyY5mT^UW^c0YASSWjUw^`SlAGXmxRQ
UWD[GFZ[Uw^hg[h^GX]WS
dνi
mTGXg5GXYAmºx5cyUwD cyYtUwD[Gg[]WGjeYAmºg5cSVUw?ncyYUWj0n¦USVUjUWGXSX!C'D[^`S&~yGXY[G]jeh^ !XGXSvK GXnD5jeY[^`nSv^hYtUWD[G
]jeFGX c0]wcy<DA^hnDUWD[GJg<G]n%ZASWSw^c0Y!jehZ[G¨¥^» Gy¢UWD[GkFje~0Y[^UWZAmTGkcy:UwD[GJ¤L^h]Wj0nFGXjySwZ[]WGjU jyY^FgAj0n¦U¬bmTGg<GYAmAS
c0Yx5cyUwDUwD[Gg[]wGjyYAmg5cSVUw>^hFgAjyn%UkyGhcTn%^Uw^hGXSXCc!UWD[Gx<GXSlUkce	cyZ[]JYAcG2mT~yGLUwD[^`Sk^`S^hYUw]WcRm[ZAn%G2mc0]'UwD[GA]WSlU
UW^FG^hYUwD[GncyYUwGUcycyg[Uw^hFjyn%c0YUw]Wcy:^UWD SVUjUwG&^hY[GX_ZAjy^Uw^hGXSX
² (T>    H ' * - +	&B! ,   '    2&  +M& 	  $	 ,  
dνi

1 ≤ i ≤ r  &:
  	  	   ' !    rwu = 1-    + *I>  1
%'    '& 	  $	 ,     ! ,  +  
z2(t)
  *  +	&B!  +/=+@$  + 
µ̇(t)
* *  ' '   
)+M
% .!9 !    	+  * &    @
  ) *   &()! ,
g2(t)
# H ''! )+  ,' *;@   *  )!  *   	
 8:&  RRA R 
ZA=     ' .!:& 	 '!   ) ! 	+ -,	' *     ' -,	 
 	)+   !,#	 	   :1
  *
r = 2
 H '
*! 	 &,  :)#	   *)! 	 &B+!    R 98:&  
 2=D
% .!9      +1+   ! .	  #		/ A 	&(+!  *   2;	 
(tk, tk+1)
	+
{tk}
    2& ) +   A  56!      *   R9 
 !   ,!&   
   &#     
   .     ² Y X ¶)Y ¶   ¶  ¶ XX ¶)Y   
 
m ≥ 2 [SwcyFGnje]WGvDAjyS*UWcx5G&UjeyGXY)  YAmTGXGXmjyS'Y[cyUwG2m^hY½©ª2rB«?An%c0Y0Ujyn%UnXjeYcTnn%ZA]cyY j.g5c0]lUW^c0Ycy ∂Φ SwZAnDUWDAjUcy]^hYASlUWjeY5n%G
x(τ−) ∈ χ2kcon,1 ∩ ν∗2
C'D[GXY UwD[GcygTUW^FjeUw]jdVG2n¦Uwc0]wQtDAjySjtn%cyYUjyn¦UUW^FG^UwD
∂Φ1
xAZTU
FjBQDAjByGjyY GYUw]WQUw^hF.G!^UWD
∂Φ2
G%U
nu = m
  
x(τ−) ∈ χ2k+1con,1 ∩ χ2k+5con,2
jyYAm
2k + 1 < rwu < 2k + 5

c0Y[Gcyg[Uw^hFjy)^hY[g[ZTUv^hx<GmT^`SVUW]w^hx[ZTUW^c0YAjeD[^hG&UwDAGceUWD[G]kc0Y[G^hx5GjZ[YAn¦UW^c0Y ce¢Uw^hFGjU
τ
  UJFjBQje`Slc
D5jeg[g<GYUwDAjeU
χirel,j 6∈ ∂Φ
cy]SwcyFGLncyYASlUw]je^hYU
j
jeY5mSwcyFG
i ≥ 1 ¨¥SwGGvGy ~A'©ÉsezT/'4[jyF.gAG{[ {[hª%«¬¦ (kYcyg[Uw^hFjyUW]WjedVGXn%Uwcy]WQ^UwDtjx5c0Z[YAm[jy]wQje]ncyYUWD[Gn%c0YASlUw]je^hY0U
j
^hg5cSwSwGXSWSkjyY G%T^UvSVUjUwG!^UWDjeY c0gTUw^hFjencyYUw]WcyhhG]
^UwDº]wG2mTZAnGXm ]WG~0Z[hjy]w^UVQy:mTGXg5GXYAmT^hY[~c0Y
i
C'DZ5SJUWD[G_0Z5jeh^UjUw^hyG!x5GXDAjBR^c0Z[]JcybUwDAG!c0gTUw^hFjeUw]jdVGXn%Uwc0]wQUwDAjeU
^`S.FjymTG jex<cyG^hSSlUw^hhg5cSwSw^xAG0bx[ZTU^`SF.c0]wG^hY0cyhyG2m+  U^hSD[c*G0G]!Y[ceUWG*cy]wUwDRQ½UwDAjeU.UWD[G *vu&ORaSlUWjeUwG
]WG^hY[^Uw^`jeh^ !2jUW^c0Y Fjyg[g[^hY[~(^hY ¨,yz¬ ¨,AªX¬SlUw^hhJ*cy]WRSXjeYAm xA]w^hY[~0SjeY jeY5Sl*G]UWcUwDAGt_Z[GXSlUw^hcyY[^hY[~#jyx5c0ZTUUWD[G
ncyh^`Sw^c0YFjegmTG%5Y[^UW^c0Y^Y½©ª2rT /W¼  «?  YUWD[GFZ[Uw^hje]W^hjyx[hGvnXjySwG¨
m ≥ 2 TZ[Y[^cy]WF]WG`jUw^hyG&mTGX~y]WGG r 5mTG%AYA^UWGKtje]WycgAjy]WjyFG%UwGX]
M (r)
¬¦<UwDAG!n%c0YAn%hZASw^c0YASkcybab]Wcyg<c0Sw^UW^c0Yª"Y[GXGXmUWcx<G]WG%AYAGXm+ Acy]v^Y5SVUjeYAnGy<^ncyYUWj0n¦U
cTnXn%Z[]S'^Y
χ2r
wu−1
con = ∪mi=1χ
2rwui −1
con,i
AD[^hnDFGXjyYAS*UwD5jUJjeh
zr,i(τ
−) < 0
AjeY5m^
z(τ+) ∈ ν∗ = ∩mi=1ν∗i
TUwDAGY
rwu
mTcRGXSYAceUY[G2n%G2SwSWje]W^hQtD5jByGUwc x<GGXyGXY)  UDAjySUwcx<GGXyGY^'UwD[GG2jymT^hY[~Kjy]w0cgAjy]WjyF.GUwGX]
M (r)
^`S
m[^hjy~ycyY5je>bf Z[UJ^Y~0GY[GX]Wjy+^
M (r)
^`SY[GX~0jeUw^hyGmTG%5Y[^UWG¨^UwDAcyZTUJx<G^hY[~mT^`je~0cyYAjy`¬%TUwDAGYUwD[G]wG2jySwcyY[^hY[~.^YUWD[G
gA]wcRce¢ce	ab]Wcyg<c0Sw^UW^c0Yºª FjBQ¥jy^j0S
M (r)(−zr(τ−))
FjBQDAjB0G&g5cSl^Uw^hyGn%c0Fg5c0Y[GYUWSm[GXSwg[^UWG
M (r) < 0
jyYAm
jy4ncyFg5c0Y[GYUSLcy −zr(τ−)
je]WG!g<c0Sw^UW^0Gy#G%UZASv]WGXnjy¢UWDAjUj
m ×m SlUw]W^hn%UwhQSlGXF^FcyYAceUwc0Y[GFjeUw]W^(©hª" [¤LG%5Y[^UW^c0Y [ [ r«J¨c0]  k?FjUW]w^A¬JSWjUW^hSlAGXS
[v ∈ (IR+)m, v 6= 0] ⇒ [vi > 0
jyYAm
(M (r)v)i > 0
c0]kSlc0FG
i]

C'DA^hSjyhckS*ZAS'Uwcg[]Wcyg<c0SwGjeYG%RUwGXYASw^c0Ycy¢ab]Wcyg<c0Sw^Uw^hcyYtª T
  ¶  ¶  X¥ X ¶)Y  <0  
m ≥ 2 	+ ')- 
	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T = (x1 x1 + x3)
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
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−
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−
0 )
¨x<GXnXjeZASwG
z12(t
+
0 ) = z
1
2(t
−
0 )
¬¦&C'D[G]WG%c0]wG~0^0GYjeYRQ
ε > 0
<^Uv^`Skg<c0SWSl^hx[hGUWc^YA^UW^hjy^ !GUwD[G
Uw]jdVG2n¦UWcy]WQ^hY
A
^UwD½j`je]W~yGGXY[cyZ[~0D |ẋ1(t−0 )|
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Dε = {0 ≤ x1 ≤ ε, x3 ≥ ε}
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∂Φ
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^UwD
rwu = 2k + 1
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k ≥ 0 QR^hG`m (Ã, B̃, C̃) 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SWjUW^hSlQ
Cx(t) + D = 0
cy]
t ∈ (τ, τ + ε) ⊆ [0, T1]

ε > 0
 uLY
(τ, τ + ε)
cyY[GDAj0S
u(t) = R−1BT η(t)jyYAm
η̇(t) = Qx(t) − AT η(t) − CTλ(t) L^UWD λ(t) UwD[G Slc0Z[Uw^hcyY ceUWD[G  ¸ a ^hYo¨.! y¬º¨G2_0Z5jekUWc gr(t)
^hY
UWD[^`Snj0SlG0 D[GX]wG
gr(·)
^hS^Y ¨,se¬jyYAm g[]wc0g5cSl^Uw^hcyY se¬% uLY[GY[cyUw^`n%GXSUwDAjeUUwD[GtncyFg[hGFGYUje]W^UVQ(]WG`jUW^c0YAS
0 ≤ {zi}(t+) ⊥ gi(t) ≥ 0
je]WGLUW]w^hR^hjyhQSWjUW^hSlAGXmcy]kjy
1 ≤ i ≤ r − 1 ¨»SlGXG¨.!¬l¬¦
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H̄(x, u, η, α) = H(x, u, η)+
αT zrwu+1
    A 	&()+ 9! 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zrwu+1(t) = żrwu(t) = CA
rwux(t) +CAr
wu−1Bu(t) = 0
 H (& 
 
+ +	&B!  * 
u(t) = −(CArwu−1B)−1CArwux(t)  )+D! 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! #&   *  M& 	  $	 , 
α(·)  # ∂H̄
∂u
= 0
 #
5$+ 
α(t) = (−1)rwu+1[M (r)]−1(CArwux(t) +
CAr
wu−1BBT η(t)
  '  */ '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  
BT η(t)
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α(t) = 0
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*! 
α(·) = grwu+1(·)
 '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"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zrwu+1

G%U!Z5SGTjyF^Y[GUwD[GnjySwG
rwu = 1
ºuLY(x5c0Z[YAm[jy]wQ½je]nScyY[GD5jyS
w(t) = C̃x̃(t) + D = 0
jeYAm
ẇ(t) =
C̃Ãx̃(t) = 0
Sl^hYAnG
r = 2
jeY5m
ẅ(t) = C̃Ã2x̃(t) + M (2)λ(t) = 0
C'D[G.¥j0n¦UUwD5jUUwDAG!UW]WjedVGXn%Uwcy]WQ yGXGgAS&c0Y
GXyc0R^hY[~Lc0Y
∂Φ
cy]4mTG%UjynD[G2S¢]wc0F
∂Φ
^`S4FcyY[^Uwc0]wG2mxRQUWD[G  ¸ a
0 ≤ λ(t) ⊥ ẅ(t) = C̃Ã2x̃(t)+M (2)λ(t) ≥ 0 
¾¿À¾­Á
 
	 
C'D[G&¥j0n¦U'UwDAjeUUwD[Gm[QY5jeF^hnXS'cyYx<cyZ[YAmAje]WQje]nS'^`S' GX>g<c0SwGXmcy]YAceU^hSJn%hc0SwGhQ^hY[yG2mUwc.UwD[G*Gh>g<c0SwGXmTYAGXSWS
ce¢UwDA^hS ¸ a¢AD[^hnDD[c0hmAS'cyYUwD[G^hYUwG]Wje
(τ, τ + ε)
bC'D[Gvcyhc^hY[~^hS*UW]wZAGSl^hYAn%G
M (2) < 0
§
²  #  0  
m = 1
  	'.+'D0   
0 ≤ λ(t) ⊥ C̃Ã2x̃(t) +M (2)λ(t) ≥ 0  H  @ 
    C̃Ã2x̃(t) < 0  'D0      $ 	 & -,	B
    C̃Ã2x̃(t) = 0  'D0       
 #	 & -,	 λ(t) = 0 
    C̃Ã2x̃(t) > 0  'D0       
 ) 	 & ,' λ(t) = 0 )+ λ(t) = −(M (2))−1C̃Ã2x̃(t) 
)GUkUwDAG!SlUWjUWG!SWjUW^hSlQ
C̃Ã2x̃(τ) > 0
jeULjeY GXY0UW]wQUw^hFG
τ ∈ [0, T1)
LC'D[G`jySlUL^UwGF SwD[ckS'UWDAjULUwD[GX]wGFjBQ
Y[cyUx5GZ[Y[^`_0ZAGY[G2SwScy'UwD[GSwcyhZTUW^c0YºUWcUwD[GcygTUW^Fje*n%c0Y0UW]wc04g[]Wcyx[hGF¢^'UwDAGcygTUW^FjybUw]jdVG2n¦UWcy]WQ ~y]j !G2SvUwD[G
n%c0YASlUw]je^hY0U*x5c0Z[YAm[jy]wQ
∂Φ
 'b^UWD[G]'UWD[GvUw]jdVG2n¦Uwc0]wQ . mTG%UjynD[G2S /k]WcyF
∂Φ
¨
λ(t) = 0 ⇒ ẅ(t) > 0 ¬%c0]']wGXFjy^Y5Sc0Y
∂Φ
¨
λ(t) > 0 ⇒ ẅ(t) = 0 ¬¦LC'DA^hSL^hSJY[ceU&SlZA]wg[]W^`Sl^hY[~Sw^Y5n%GUWD[G!hGXj0mT^hY[~Kjy]w0cgAjy]WjyF.G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]
λ
^hS&UWD[GSwcyhZTUw^hcyY cej  ¸ a c0Y
x<cyZ[YAmAje]WQje]nSXbC'D[Gx<cyZ[YAmAje]WQje]nS*^hY[g[ZTULSWjUW^hSlQ
ẇ(t) = CAx(t) + CBu(t)
ADAc GXyG]*UWD[^hSkFjBQY[ceUkx<G&UwD[G
cyg[Uw^hFjyn%c0YUw]WcyhGX]X -½GSlDAjySlGXGv`jUWG]kD5jUkFjBQDAjyg[g5GXYD[GY
C̃Ã2x̃(τ) < 0
jUkjeYGYUW]wQUw^hF.G
τ
 )GXF.Fj
{nXjeYx<GJGRUwGY5mTGXmUwcUWD[Gv~yGYAG]je5nXjySwG
rwu = 2k+1
jeYAm
m ≥ 1 D[GX]wGJUwD[G  ¸ a#^hYº¨. y¬DAjySbUwcx<G&SVUWZAmT^hGXm+ YR^hG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GLcyGYUW]wQ
Uw^hFGXS'c0]SlQTSlUwGFS'^UwDcTm[m
rwu
bC'D[G&g[]WcyxAGXFce¢^YUwGX]wG2SVUD[GX]wG&^`S*Uwc^hY0GXSlUw^h~0jeUwGv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rwu = 2k + 1

k ≥ 0  	+ 	  m = 1 #0   x(τ+) ∈ ∂Φ  H '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¯̃z(τ+) = 0
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C̃Ãrx(τ+) < 0
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ξ(τ)
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rwu
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FSkn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(λ) ≤ 1 ¨¥SwG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T^hSlUJcyYUWD[G]W^h~yDUkce τ  ¸ hGXjy]whQc0]LjeY GXyGXYT rwu SlQTSlUwGXFUwDAG&Uw]jdVGXn%Uwc0]wQnXjeYx5G0GgTU^hY
Φ
jyS*UWD[G]WGjeh*jBQTS*G%T^`SVUS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gr(τ
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jeY5mt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UwD[GX]&cy]&Y[ceUcTm[mR
rwu
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rwu = n
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C̃Ãrx(τ+) = 0
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rwu = m = nu = 1
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τ
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0 ≤ w(r)(t) ⊥
λ(t) ≥ 0 '        	   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ẋ(t) = ax(t) + bu(t)

w(t) = cx(t) + d

Q = R = 1
C'D[GXY
UwDAG*JjeF^hUWcyY[^`jeYmTQRYAjyF.^`n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η̇(t)
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=
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a b2
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x(t)
η(t)
)
+
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0
−1
)
λ
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x<cyZ[YAmAje]WQje]nS*^`S
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rwu = n = 1
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cx0 + d > 0

cx1 + d = 0
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C̃Ã2W̃−1
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0
ξ(t)
)
≥ 0  ∀ t ∈ (τ, τ + ε) 
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[0, T1]
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x(t) = x0 exp(−
√
a2+b2T1)−x1
exp(−
√
a2+b2T1)−exp(
√
a2+b2T1)
exp(
√
a2 + b2t)
+ x1−x0 exp(
√
a2+b2T1)
exp(−
√
a2+b2T1)−exp(
√
a2+b2T1)
exp(−
√
a2 + b2t)
¨»qe|¬
C'D[Gc0gTUw^hFjeAncyYUw]WcyTnXjeYx5GknXje`n%Z[`jUWGXm!^UWD
η(t) = 1
b2
(ẋ(t)−ax(t)) jeYAm u(t) = bη(t)   UnjyY!x<GJnD[G2nyGXmUWDAjU
x(t) > −d
c
c0]Ljeh
t ∈ [0, T1)
 ¸ c0YASwGX_Z[GYUWQUwD[G.x<cyZ[YAmAje]WQ
∂Φ
^hSvjUwUWjy^Y[G2m cyYAQ jU
t = T1
+jeY5m
T1
^`S
j.	,-/ *Uw^hF.G0.C'DAG  ¸ a cy]
λ
cyY
∂Φ
^hS&~0^0GYºxQ
0 ≤ λ ⊥ −d(a2 + b2) − c2b2λ ≥ 0 -½Gm[GXmTZAnG.UwDAjeU^ −d < 0 UWD[G  ¸ a DAj0S&Y[cSlc0Z[Uw^hcyY))^ d = 0 UwD[GXY λ = 0 jyYAm½^ −d > 0 UwD[GXYºUV*c Slc0Z[Uw^hcyYAS λ = 0 jyYAm
λ = −d(a
2+b2)
c2b2
je]WGvg5cSwSw^xAG0 *Jc GXyGX]UWD[Gx5GXDAjBR^c0Z[]*cyYUwD[G&x<cyZ[YAmAje]WQDAjyS'Y[cncyYASwGX_Z[GXYAn%GvcyYUwD[GjehZ[Gvce
UWD[Gkjyn%Uw^hcyY.^YUWG~y]je
I(u)
Sl^hYAnG'UwD[Gc0gTUw^hFjeAncyYUw]Wcy[jyYAm!SlUWjeUwG'UW]WjedVGXn¦UWcy]WQje]WG)Gx<GXSw~yZAGF.G2jySwZ[]jex[hGZAYAn¦UW^c0YAS
C'D[GJhj0SVUbn%c0YAmT^Uw^hcyY^hY ¸ cy]Wcyhhjy]wQªyªknXjeY.x5GJ]w^UlUWGYje`Slcj0S
C̃Ã2W̃−1
(
0
ξ(τ) exp(Ãξ(t− τ))
)
≥ 0 ¢C'DAG
FjeUw]W^
Ãξ
^`SvnD5je]jyn¦UWG]W^ !XGXm]WcyF}UwDAG"!XG]WcmTQRYAjyF.^`nSvcy
(A,B,C)
SwGG"GFFjsR  Y½njySwG^­¬JcyY[GSlGXGXSJUwDAjeU
ν∗ = {−d
c
} jyYAm u∗ = ad
cb
 A]wc0F}ab]wc0g5cSl^Uw^hcyYrx5c0Z[YAm[jy]wQje]nSLjeYAm ncyYUWj0n¦ULUw^hF.G2SJx<GhcyYA~Uwc
ν∗
:D[^`nD^`S
ncyYASw^`SVUWGYU^UWD ¸ c0]wc0`je]WQªyª&^­¬¦
G%UZASY[c n%c0YASl^`mTGX]!UWD[Gg[`jeYAjy]SlQTSlUwGF
A =
(
0 1
a b
) 
B =
(
0
1
) 
C = (c d)

D = e
 C'D[^`S
SwQTSVUWGF}DAj0SkUW]WjyYASVGX]kZ[Y5n¦Uw^hcyY
G(s) = c+ds
s(s−b)−a
jeYAm ]WG`jUW^0GmTGX~y]WGG
rwu = 1
jyYAm
CB = d 6= 0 &C'D[GX]wGcy]WG
M (2) = −d2 < 0  G%UvZASkUje0G Q = mT^`je~ (q1, q2)
LCcUWD[^`SvSwQTSVUWGF  G.jySWSlcTn^hjeUwG^UWSLcygTUW^Fjy^UVQ n%cyY5mT^UW^c0YASJj0S
^hY¨|0¬'jyYAm GnD[G2nUwD5jU
C̃ÃB̃ = −d2 -½G~yG%U Hwλ(s) = (c+ds)(c−ds)(s2+bs−a)(s2−bs−a)−s2+1

 ²  (    2& ) ' −ad2 + c2 + bcd 6= 0 )+ *  c 6= 0  H '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[τ, τ + ε) ⊆ [0, T1]
  )+  	   















η̇1(t) = αη2(t) − cη1(t) + δ
η̇2(t) = −(1 + d)η1(t) + βη2(t)
η(τ) =
(
eT3
eT4
)
exp(Ãτ)x̃(0)
γη2(t) − dη1(t) + ε ≥ 0
   	 	
t ∈ [τ, τ + ε)
¨»q0qy¬
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 
α = q1d
2+a2d2−ac2−abcd
−ad2+c2+bcd − cd
abd3−cd2(q2+a+b2+c3
ad2−c2−bcd

β = −q2dc+abd
2−bc2−b2cd+abd3−cd2(q2+a+b2)+c3
−ad2+c2+bcd

γ =
abd3−cd2(q2+a+b2)+c3
−ad2+c2+bcd

ε = −ea
c
(c+ bd)[ad2(−ad2 + c2 + bcd) + 1]  δ = −q1 ad
2e
c
(−ad2 + c2 + bcd) − q1 ec

  ¶)¶  uLY(UwDAGx<cyZ[YAmAje]WQ jy]WncyY[GDAjyS
C̃x̃(t) + D = 0
jyYAm
C̃Ãx̃(t) = 0
4D[^`nD#]WGXSwg5G2n¦UW^0GhQºQR^hG`m
cx1(t)+dx2(t)+e = 0
jyYAm
adx1(t)+(c+bd)x2(t)+dη2(t) = 0
 -ºG'mTG2mTZAn%G*UWDAjU
x2(t) =
−cd
−ad2+c2+bcdη2(t)+
ade(−ad2 + c2 + bcd) 	jeYAm x1(t) = d
2
−ad2+c2+bcdη2(t) − ad
2e
c
(−ad2 + c2 + bcd) − e
c
K cy]WGc0G]v]wc0FNUWD[G
jyZ[G2S'ce
Ã
jeYAm
C̃
 G&~yGU'UwDAjeU







η̇1(t) = q1x1(t) − aη2(t) − cλ(t)
η̇2(t) = q2x2(t) − η1(t) − bη2(t) − dλ(t)
0 ≤ cx1(t) + dx2(t) + e ⊥ λ(t) ≥ 0
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(khcyYA~ UwD[Gx<cyZ[YAmAje]WQ jy]Wn GDAjByG]WcyF GFFjt{[
λ(t) = 1
d2
C̃Ã2x̃(t)
g[]WcR^hmTG2m
C̃Ã2x̃(t) ≥ 0 ½HJc
C̃Ã2x̃(t) = a(c+ bd)x1(t)+(cb+d(q2 +a+ b
2))x2(t)−dη1(t)+ cη2(t)
 ¸ cyFxA^Y[^hY[~&UWD[GJjex<cyG'jehZ[G2Sb*G~yG%U
UwD5jU
λ(t) = abd
3−cd2(q2+a+b2)+c3
−d2(ad2−c2−bcd) η2(t)− 1dη1(t)
  YdVG2n¦UW^Y[~!jeh[UwDAGJnjyhnZ[hjeUwG2m!jyZ[G2S	cy]
x1(t)

x2(t)
jeYAm
λ(t)^hY0UWc¨>qe{y¬%RUwD[Gv]WGXSwZ[U cyhckSX4C'D[GLn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γη2(t)− dη1(t) + ε < 0UwDAGx5c0Z[YAm[jy]wQjy]WnvmTcRGXS'YAceUkG%T^`SVUkjeUUw^hF.G
t
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OR^hYAn%GUwD[G.SlQTSlUwGF ^hY#¨»q0qe¬^`SJh^hY[GXjy]Jce4c0]WmTGX]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G&UwcUWGXSlULD[G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¨»q0qe¬DAcy`m[SC'D[^`Sg[]WcR^hm[GXSn%c0YAmT^Uw^hcyYAScyY UwDAGGYUw]WQtjyZ[G2S
η1(τ)
jyYAm
η2(τ)
SlZAnD½UWDAjU!jx5c0Z[YAm[jy]wQ½je]n^hS
*Gh?g5cSlG2mc0] Y[cyUX ¸ hGXjy]whQ )GFFj m[cG2S*Y[ceUjeYASw*G] UwD[G_Z[GXSlUw^hcyYD[GUwD[GX]*c0]'Y[ceU*UwD[G&c0gTUw^hFje<Uw]jdVG2n¦Uwc0]wQ
g<c0SWSlG2SwSwGXS*x<cyZ[YAmAje]WQje]nSX¢HJceUW^hnG&UwDAjeU
x̃(0)
^hS'Y[cyUkRY[cYj0S
η(0)
^`SjeYZ[Y[RY[cYce¢UwD[Gf*¼Ja	
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FGg[]Wcyg<c0SwGXm^hY©ª«Uwc^YUwGX~y]jUWGLUWD[G  ¼La FjBQx<GZASwGXm^hYjFZ[Uw^hg[hG%
SwD[cRceUw^hY[~jy~0cy]W^UWD[F ¨»jUhGXj0SVU^hYx[]WZTUwG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Gjeh~ycy]W^UwD[FS¬¦+*Jc GXyGX]D[GY ¥j0n%^hY[~jF^Y[^hF^hSWjUW^c0Yg[]Wcyx[hGF
jyS&^hY ¨VªB¬?¦¨»sy¬¨¥D[^`nDº^`Sjf*¼Ja ¬%cyYAGm[cG2SlY¡ URY[c jgA]w^hcy]W^4D[coFjyYQUw^hF.G2S&UwDAGcygTUW^Fje	UW]WjedVGXn%Uwcy]WQ ^h
]WGXjynDºUwDAGx5c0Z[YAm[jy]wQ
∂Φ
¢D[c FjeYRQUW^FGXS^U!^h mTGUWj0nDº]WcyF
∂Φ
	jeY5mºDAcoUWD[GmTGX]w^hjUw^hyG2Sce
w(·) ^hhG0cyhyGjyc0Y[~ UwDAGcyg[Uw^hFjy g5jUwD  Y(gAjy]lUW^hnZ[`je]DAG%UwDAG]c0]Y[cyU.mT^`SlUw]W^x[Z[Uw^hcyYAjy ^hY[g[ZTUS!jyYAm(nc0SlUWjUWG^h*x5G
Y[GXGXmTG2m^`Sje`SlcjyYZ[Y[RY[cYceUwD[GF^hY[^hF.^`SWjUw^hcyYg[]Wcyx[hGF []WcyFj!YRZ[FGX]w^`njy<g<cy^hYUce	^hGRUWD[^`S'^hS'GTj0n¦UWQ
UwDAGm[^£:G]WGYAnG!x<G%UV*GGXYUW^FG%°SlUwGgAg[^YA~SWnD[GXF.G2SLjyYAmºGyGXYUl°mT]w^hyGXYSwnDAGFGXS.©hª2s2«?.uLY[Gn%c0Z[hm½SWjBQUWDAjUvUw^hFG%
SlUwG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]wG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UwDAGcy]WF
ẋ(t) = f(x, t)
^
t 6= tk

x(t+k ) = F [x(t−k )]
c0]
t = tk
C'^hF.G?SlUwGXg[g[^hY[~SWnD[GFGXSmTc Y[ceU!]wG2_0ZA^]WG
UwDAGRY[c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^`S'UwD[c0Z[~yDU'Uwcx<Gj~y]WGXjeU'j0mTjeYUWjy~yGvcyGX]*GXyGXY0Uw?m[]w^hyGXYjeY5mF!Z[Uw^hg[G
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cy]WFjeh^hSwFcy]LUwD[G.mTG]W^jeUw^hcyYcyjeY G%RUWGYAmTG2mtj0n¦Uw^hcyYUWcx<GF^hY[^F^ !G2m#¨¥jyhc^hY[~cy]vn%cSVUjUwG.jeYAm Bcy]J^Y[gAZTUWS
jeY5m Bc0].SwQTSVUWGF¡ SSlUWjeUwGybUwc½x5GXc0Y[~tUWcjºSwg5G2n%^5nSlGU.cy&OTnDR'je] !y¡m[^hSlUw]W^xAZTUw^hcyYAS¬¦ C'D[Gg5c*G]wZ['~yGXcyFG%UW]w^`n
UwcRc0hS^YUw]WcTmTZAnGXmxRQ.UwGXY¤LjyF^YUWD[G&n%cyYUWG%RUce)ZAY[^`jUWG]jehQn%c0YASlUw]je^hY[GXmncyYUw]WcyhG2mmTQRYAjeF^`nje:SwQRSlUwGXFSRje]WG
ZASwGXmUwc^hFg[]WcyGvUwD[G!_0Z5jeh^UjUw^hyGjyYAjehQTSl^`S'ce4cyg[Uw^hFjy+Uw]jdVG2n¦UWcy]W^G2S*jyYAmn%c0Y0UW]wc0hG]SXbC'D[GQjehc ZAS'UWc~yGYAG]w
jeh^ !G]WGXSwZ[UWSvn%cyY5n%G]WY[^hY[~UwDAG.Swg5G2n%^5n%^UVQcebcTm[m ]WG`jUW^0GmTG~0]wGXGSwQRSlUwGXFS¨c0Y[Gcy4UwD[G!]wG2SlZAUSkx<G^hY[~UWDAjUvcRmAm
]WG`jUw^hyG.mTG~0]wGXG!SwQTSVUWGFSLnXjeYºg5cSwSwGXSWSJx<cyZAYAm[je]WQ je]nSL^UWDºGXYUw]WQUW^FG2SvSwZAnDtUwDAjeULUWD[GFZ[Uw^hg[h^GX]&j0SwSwcTn%^`jUWGXm
UwcUWD[GZ[Y[^hhjeUwGX]Wjybn%cyY5SVUW]Wjy^YU^hSjmT^`SlUw]W^x[Z[Uw^hcyY cemTG~0]wGXG ≥ 3 UUWD[GY½UWD[Gjyn%Uw^hcyYºUwcx5GF^hY[^hF.^ !G2m DAjySvUWcx5GG%RUWGYAmTG2m½Uwc^hYAncy]Wg5c0]WjeUwG.UwD[GSVUjUWGjeYAm cy]nc0SlUWjeUwG&dVZ[FgAS¬¦C'D[GUwD[GXcy]WQtcekncyFg[hGFGYUWjy]w^UVQtgA]wc0x[GXFS^hS
ÀÀ Ä#0[Í112
0{   #	, 
SwD[cYUWcx<G._Z[^UwG!ZASlGZ[	^Ytcy]mTG]JUwcx<G%UwUwGX]LZ[Y5mTG]SVUjeYAm UwD[G.x5GXDAjBR^c0Z[]JcybcygTUW^FjygAjeUwDc0Y UwDAGx<cyZ[YAmAje]WQ
cybUwDAGj0mTF^hSWSw^x[hGmTcyFje^hY).K c0SlUvcybUwDAG!UWcRcy`SLDA^hnD je]WGZASwGXmº^hYUwDA^hS&gAjyg5GX]¨¥mT^`SVUW]w^hx[ZTUW^c0YAje4^hYAnZASw^hcyY):UWGY
¤vjeF¡ SJ~0Gc0F.GUw]W^hnXjeSlUwZ5mTQy+n%c0Fg[GXFGYUWjy]w^UVQgA]wc0x[GXFSW¬kDAjByGYAGyGX]Jx<GGXY^YUW]wcTmTZAnGXm x<G%c0]wG!^YUwD[Gn%c0Y0UWG%RU
cycygTUW^Fje'n%c0YUw]Wcyb^UwD(ZAY[^`jUWG]je*SVUjUwGn%cyY5SVUW]Wjy^YUWSX C'D[GgA]wc0g5cSlG2m½]WjyF.GX c0]wtgAjByG2S&UwD[G*jBQºUwctFjyYRQ
GRUwGY5Sl^hcyYASX5jyYAmUWc*jy]Wm[SUwD[G.mTGXSw^~0Y ce4UW^FG%°SlUwGgAg[^YA~jeh~yc0]w^UwDAFSkD[^hnDtFjBQn%c0YASlUw^UwZTUWG!jY[^`n%G.jeUwGX]wYAjeUw^hyG
UWcFZ[Uw^hg[hGSlD[cRcyUw^hY[~jeh~ycy]W^UwD[FS UwcSwcyhyGLUwD[Gx<cyZAYAm[je]WQjehZ[G&g[]Wcyx[hGF
    &k&%* 

1v^hyGXY
A ∈ IRn×n jyYAm B ∈ IRn TUWD[Gg[]Wcyx[hGFcyAY5mT^YA~ x ∈ IRn jeYAm y ∈ IRn SWjUW^hSlQR^YA~
y = Ax+B ≥ 0, x ≥ 0, xT y = 0 ¨»qy¬
^`SnjyhGXmj )^hY[G2je] ¸ cyFg[hGFGYUje]W^UVQa]wc0x[GXF ¨  ¸ a ¬¦  UJnjeYx<GGX_Z[^hjehGYUwhQ]W^UwUwGYjyS
0 ≤ x ⊥ y = Ax+B ≥ 0 ¨»q! 0¬
ikcyZ[~0D[QvUWD[G ¸ atD5jyS	jJZAY[^h_Z[G'SwcyhZTUw^hcyY
x∗
DAjUWG0G]
B
^5jyYAmc0Y[Q^
A
SwjeUw^`SV5GXS¢Slc0F.G*g<c0Sw^UW^R^UVQn%cyY5mT^UW^c0YASX
SwGG©hª" B«?a	c0Sw^Uw^hyGmTG%5Y[^UWGY[G2SwSce
A
^hSSwZT¯n%^hGYUXC'D[GSlcy?nXjehG2m v?g[]Wcyg<G]wUVQ ce'FjeUw]W^hnGXS&^`SY[G2n%GXSWSWje]WQjeYAm
SwZT¯n%^hGYU'cy]'UWD[G  ¸ a UWcDAjByG&j.Z[Y[^`_0ZAGSlc0ZTUW^c0Yc0]kjeYRQ
B

C'D[GYAG%RUkY[ceUW^c0YAS'FjBQx<G&cyZ[YAm^hY ©ªe ! T s2«G%U
I
mTGXY[ceUWGj!YAcyYT°mTG~0GY[GX]WjeUwGv]wG2je:^hY0UWG]Wjeb¨YAceUkGFgTUVQ
YAcy]]WGXmTZAnGXmUwcjSl^hY[~0GUwcyY<¬¦
• f*Q z ∈ BV (I ; IRn) ^U^`SFGXjeYU&UwD5jU z ^hSj IRn ?jehZ[GXmtZ[YAn%Uw^hcyY ce'x<cyZ[YAm[GXm½je]W^hjeUw^hcyYt^*UwD[GX]wGGR^`SlUWSjncyYASlUWjyYU
C > 0
SlZAnDUwD5jU*cy]jeh<AY[^UwGSlG2_Z[GYAnGXS
t0 < t1 < .... < tN
¨
N
je]Wx[^Uw]je]WQT¬4ceg<cy^hYUWS*ce
I
T*GvDAjByG
N
∑
i=1
‖z(ti) − z(ti−1)‖ ≤ C.
G%U
J
x<GjSlZAx[^YUWG]WBjy+ce
I
bC'DAGv]WGXjy+YRZ[Fx<G]
var(z, J) := sup
N
∑
i=1
‖z(ti) − z(ti−1)‖,
DAG]WGLUWD[GSwZ[g[]WGF!Z[F ^`S'UWjyyGXY^UwD]WGXSwg5G2n¦UUWcjeh+UwD[GAY[^UwGSwGX_Z[GXYAn%G2S
t0 < t1 < ... < tN
¨
N
je]Wx[^UW]Wjy]wQ[¬ce
g<cy^hYUWS'cy
J
[^`SnjyhGXmUwD[Gjy]w^`jUW^c0Yce
z
^hY
J

(JYRQf*¼ ZAYAn¦UW^c0YDAjySJjn%c0Z[YUWjexAGSwG%ULcemT^`SwncyYUw^hYRZ[^UVQg<cy^hY0USLjyYAm^`SJjehFc0SlUJG0G]WQRD[G]WGmT^£:G]WGYUW^hjyx[G0(
f*¼ZAYAn¦UW^c0Y#mTG%5Y[GXm c0Y
[a, b] ⊂ I g5cSwSwGXSWSlG2S&G­Ul?^hF^US^hY ]a, b] jyYAm ]w^h~yDUw>h^F^UWS^hY [a, b[ Kcy]WGcyGX]X)UwD[GZAYAn¦UW^c0YAS
t 7→ z(t+) := lims→t,s>t z(s)
jyYAm
t 7→ z(t−) := lims→t,s<t z(s)
je]WG&x5cyUwD f*¼ Z[YAn¦UW^c0YASX
• -½GkmTGY[cyUwG'xRQ LBV (I ; IRn) UWD[GSlgAj0n%G*ce5Z[YAn¦UW^c0YAS4cy5hcRnXjehQx<cyZAYAmTGXm!je]W^hjeUw^hcyY)^> Gy¢ce5x<cyZAYAmTGXm.je]W^`jUw^hcyYc0YGXyGX]wQncyFgAjyn%UkSlZ[xA^YUwGX]wjy+ce
I

• -ºGmTGYAceUwGxQ RCLBV (I ; IRn) UwD[GSlg5jyn%Gce]W^~0D0Uw?ncyYUw^hYRZ[cyZ5S&Z[YAn%Uw^hcyYAS!cekhcTnjehhQºx<cyZ[Y5mTGXm#Bjy]w^`jUW^c0Y) U^`SRY[cYUWDAjU^
z ∈ RCLBV (I ; IRn) jeYAm [a, b] mTGXY[ceUWGXS.jtn%c0FgAjyn%U.SwZ[x[^hY0UWG]Wje*ce I 4UwDAGY z njyY(x5G]WGgA]wG2SlGXY0UWGXm^YUwDAG&cy]WF§
z(t) = Jz(t) + [z](t) + ζz(t), ∀t ∈ [a, b],
DAG]WG Jz
^hSkjLdVZ[FgZ[YAn%Uw^hcyY)
[z]
^hSkjyYjyxASwcyhZTUwGXQncyYUw^hYRZ[cyZAS Z[Y5n¦Uw^hcyY jyYAm
ζz
^hSJj!Sw^YA~yZ[`je]*Z[YAn%Uw^hcyY) *kG]WG
Jz
^`S&jdVZAF.gºZ[YAn%Uw^hcyYº^YºUwD[GSwGYASwGUWDAjU Jz
^`SL]W^h~yDUl°n%c0Y0UW^YRZ[c0ZASJjyYAm~0^0GYtjyYRQ
ε > 0
<UwD[GX]wG.G%T^`SVUvAY[^UwGXQ
FjyYQg<cy^hYUWSvcemT^`SWn%cyYUW^YRZ[^UVQ
t1, ..., tN
cy Jz
SwZAnDUWDAjU ∑N
i=1 ‖Jz(ti) − Jz(t−i )‖ + ε > var(Jz , [a, b])

[z]^`SjeY jex5Slc0ZTUWGhQ#n%c0YUw^hYZAcyZAS!Z[YAn%Uw^hcyY ^hY#UWD[GSlGXYASwGUWDAjUc0]GyGX]wQ
ε > 0
 UwD[GX]wGG%T^`SVUS
δ > 0
SlZ5nD#UWDAjU
∑N
i=1 ‖[z](βi) − [z](αi)‖ < ε
:c0]jeYRQn%c0hGXn%Uw^hcyYcy*mT^`SdVc0^YUSlZAx[^YUWG]WBjyhS
]αi, βi] ⊂ [a, b](1 ≤ i ≤ N)
SlZ5nD
¾¿À¾­Á
 
	 
UwD5jU ∑N
i=1(βi − αi) < δ
:jeYAm
ζu
^hSLjSl^hY[~0Z[hjy]Z[YAn%Uw^hcyY^hY UWD[G!SwGYASwG&UwD5jU
ζz
^`SLjn%cyYUW^YRZ[c0ZASkjeY5mx5c0Z[YAmTG2m
je]W^hjeUw^hcyYZ[YAn¦UW^c0YcyY
[a, b]
SlZAnDUwD5jU
ζ̇z = 0
jehFc0SlU'GXyGX]wQRD[GX]wGvcyY
[a, b]

• f Q z ∈ RCSLBV (I ; IRn) ^U&^hSvFGXjyY0UvUwD5jU z ^`S&j]W^~0DUl°n%cyYUW^YRZ[c0ZASZ[Y5n¦Uw^hcyYºce Swg<GXn%^`je	hcTnjehhQx<cyZAYAmTGXmje]W^hjeUw^hcyY)'^> G0
z
^hScex5c0Z[YAmTG2m je]W^hjeUw^hcyY jeYAm nXjeY x<G]w^UlUWGY j0SUwDAGtSlZAF cyjdVZAF.g Z[YAn¦UW^c0Y jeYAm jyY
jex5Slc0ZTUWGhQn%c0YUw^hYZAcyZAS Z[YAn%Uw^hcyYcyYGXyG]WQn%c0FgAjyn%USwZ[x[^hYUwGX]wje+cy
I
ORcAA^
z ∈ RCSLBV (I ; IRn) UwD[GXY
z = [z] + Jz
¨>qer¬
D[GX]wG
[z]
^`S jcTnXjehQjexASwcyhZTUWGhQ.ncyYUw^hYRZ[cyZASbZ[YAn%Uw^hcyYnXjehG2m.UwD[G&jex5Slc0ZTUWGhQ.ncyYUw^hYRZ[cyZ5Sn%c0Fg5c0Y[GYUcy
z
jeY5m
Jz
^`SZ[YA^h_Z[GXQm[G%AY[G2mZ[gUwcjn%c0YASVUjeYU'xQ
Jz(t) =
∑
t≥tn
z(t+n ) − z(t−n ) =
∑
t≥tn
z(tn) − z(t−n )
¨»{yz¬
D[GX]wG
t1, t2, ..., tn, ...
mTGY[cyUwG&UWD[Gn%c0Z[YUWjexAQFjeYRQg<cy^hYUWScy¢mT^`SWn%cyYUW^YRZ[^UVQce
z
^hY
I

 ) X ² ¥ ²   ² [  ²  )GU
z ∈ LBV (I ; IRn) x<GL~0^0GY) -ºG&mTGXY[ceUWGJxRQ du UwD[GOUw^hGU¥dVG2S*F.G2jySwZ[]WGJ~yGXY[G]jUWGXmxRQ
z
	ikGXnjy:UWDAjUc0]
a ≤ b  a, b ∈ I §
dz([a, b]) = z(b+) − z(a−),
dz([a, b[) = z(b−) − z(a−),
dz(]a, b]) = z(b+) − z(a+),
dz(]a, b[) = z(b−) − z(a+).
 YgAje]wUw^`n%ZAhjy]XR*GvD5jByG
dz({a}) = z(a+) − z(a−).
   %   b¢% % F∞
 
+	
 % Tn
C'D[^`S^`S*UWje0GY]wc0FN©hª%«?ORG%U
I = (0,+∞) jeY5mhG%U z : Ĩ → IR x<G&UwD[G&ZAYAn¦UW^c0Y~0^0GYxRQ
z(t) = | sin(t)|, ∀t ≥ 0.
 Uk^`Sn%hGXje]'UWDAjU
ẑ(0) := z ∈ RCSLBV (Ĩ ; IR)
Sw^YAnG
z(·) ^`S)^hgASwnDA^U !%°n%cyYUW^YRZ[c0ZAS	C'D[GXY*G&cyxTUje^hY
ẑ(1)(t) :=
d+
dt
[ẑ(0)](t) =
d+z
dt
(t) = cos(t− kπ) if t ∈ [kπ, (k + 1)π), (k ∈ IN).
-½GSlGXGLUWDAjU
E0(ẑ
(1)) = {kπ; k ∈ IN\{0}} jyYAm
ẑ(1)(·) = [ẑ(1)](·) + J(·),
D[GX]wG
[ẑ(1)](t) = −2k + cos(t− kπ) if t ∈ [kπ, (k + 1)π], (k ∈ IN)
jeY5m
J(t) = 2k if t ∈ [kπ, (k + 1)π], (k ∈ IN).
C'DRZAS
ẑ(1)(·) ∈ RCSLBV (Ĩ ; IR)
C'D[GXY
ẑ(2)(t) :=
d+
dt
[ẑ(1)](t) = −| sin(t)|
ÀÀ Ä#0[Í112
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Swc.UwDAjeU
ẑ(2)(·) ∈ RCSLBV (Ĩ ; IR).
(JYAmSlcc0Y)T GSwGG&UWDAjU
ẑ(k)(t) =
{
(−1)mẑ(0)(t) if k = 2m
(−1)mẑ(1)(t) if k = 2m+ 1 , (m ∈ IN),
Swc.UwDAjeU
ẑ(k) ∈ RCSLBV (Ĩ ; IR), ∀k ∈ IN [jyYAmUwDRZAS
z(·) ∈ F∞(Ĩ ; IR).
G%UkZASYAc n%c0YASl^`mTGX]'UwD[GmT^`SlUw]W^x[Z[Uw^hcyY
T
mTGAY[G2mxRQ
〈T, ϕ〉 =
∫ ∞
−∞
| sin(t)|ϕ(t)dt, ∀ ϕ ∈ C∞0 (I).
C'DAGYcy]Jj.~y^hyGXYZ[Y5n¦Uw^hcyY
ϕ ∈ C∞0 (I)
[*G&SwGG&UWDAjU2§
〈DT,ϕ〉 =
∫ ∞
−∞
ẑ(1)(t)ϕ(t)dt =
∑
k∈IN∩supp{ϕ}
∫ (k+1)π
kπ
cos(t− kπ)ϕ(t)dt,
〈D2T, ϕ〉 =
∫ ∞
−∞
ẑ(2)(t)ϕ(t)dt +
∑
k∈IN\{0}∩supp{ϕ}
(ẑ(1)(kπ+) − ẑ(1)(kπ−))〈δkπ , ϕ〉 =
= −
∫ ∞
−∞
| sin(t)|ϕ(t)dt + 2
∑
k∈IN\{0}∩supp{ϕ}
〈δkπ , ϕ〉,
jyYAmSlccyY-ºGDAjB0Gy§
T ≡ {T} = ẑ(0) = | sin(.)|, deg(T ) = 0,
DT ≡ {T (1)} = {DT} = ẑ(1) = cos(.− kπ) on [kπ, (k + 1)π) (k ∈ IN), deg(DT ) = 1,
D2T ≡ D2T = −| sin(.)| + 2
∑
k∈IN\{0}
δkπ , deg(D
2T ) = 2,
{T (2)} = {D2T} = ẑ(2) = −| sin(.)|,
jyYAm
d  D2T = dẑ(1).
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


ẋ1(t) = x2(t)
ẋ2(t) = u(t)
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